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PREFACE 
The study of the existence of fixed point theory 
falls within Several domains such as : Classical 
analysis, functional analysis, operator theory, topology 
and algebraic topology. This theory has found wide 
applications in non-linear oscillations, fluid flow, 
theory of games, approximation theory, and initial and 
boundary value problems for ordinary and partial 
differential equations. The metric setting is very 
natural for the development of this theory which has 
always played a central role in the problems of analysis 
and topology. The metric common fixed point is involved 
deeply in the study of the theory itself and more 
directly to the problems of analysis and allied areas 
in a wider variety of ways. The earliest fixed point 
theorem is that of L.E.J. Brouwer (1912) which asserts 
that a continuous mapping f of the closed unit ball in 
R" has at least one fixed point, that is, a point x such 
that f(x)=x. Several proofs of this historic result 
can be found in the existing literature and even today 
the researchers are keen to improve this theorem in 
various ways as it has enormous applications. The 
simplest of the fixed point theorems is the classical 
Banach Contraction Principle which states that a 
contraction mapping of a complete metric space into 
(vi) 
itself has a unique fixed point. The most significant 
generalization of celeberated Banach Contraction 
Principle is due to Jungck which appeared in 1976 and 
the entire contents of this dissertation revolves around 
this theorem and is the outcome of researcher's efforts 
to improve commutativity condition in Jungck's theorem. 
The present dissertation comprises of four chapters 
and each chapter is divided into sections and sometimes 
a section into sub-sections. Numbers like 2.1 indicate 
Section 1 of Chapter 2 whereas 2.1.2 indicates Sub-
section 2 of Section 1 of Chapter 2. As usual the 
numbers in brackets refer to the references listed in 
the Bibliography. Each chapter begins with a brief 
introduction to its contents. 
Chapter 1 deals with the notion of 'weak 
commutativity' which was introduced by an Italian 
mathematician S. Sessa [68]. This notion is important 
for it's own sake, and also for the sake of the motivation 
to researchers in this area. Without further ado, we 
can say that commutativity implies weak commutativity 
but converse is not necessarily true which is evident 
from the example provided in Sec.1.3. In the process a 
theorem due to Sessa and Fisher [69] establishing the 
inter-relation between commutativity and weak 
commutativity is presented. In the last section a common 
(vii) 
fixed point theorem employing the notion of weak 
commutativity is delineated with proof and deduce several 
well known results due to Das-Naik [11], Fisher [17,18], 
Ciric [7,8], Khan-Imdad [47,48], Hardy-Rogers [26], 
Kannan [39,40], Sessa-Mukherjee-Som [70] and several 
others as corollaries. 
Chapter 2 is devoted primarily to recalling the 
notion of 'compatibility' which is a generalization of 
earlier notion of 'weak commutativity' dicussed in 
Chapter 1. Here we shall see from the definition (as 
given in Sec. 2.2) that 'weak commutativity' implies 
'compatibility' but the converse is not generally true, 
examples supporting the fact are provided. Section 2.3 
comprises of some results on compatibility which provides 
some criterion for identifying compatible mappings. In 
the last section we have presented two fixed point 
theorems employing the notion of compatibility. 
In Chapter 3 some compatible like conditions viz 
compatible mappings of type(A), type(P), type(B) and 
type(C) have been discussed in considerable details 
and certain results establishing their inter-relations 
are stated. Few examples, for a good insight into the 
results, are presented. In the last section, as a 
sample, we obtain a common fixed point theorem of 
Gregus type in Banach spaces using a recent notion of 
(viii) 
compatible mappings of type(C). The contents in this 
chapter are mainly due to Jungck et al.[37], Pathak et 
al. [60], Pathak and Khan [61], and many others. 
One of the main features of Chapter 4 is the emphasis 
given to motivate the ideas under discussion. In every 
possible situation it has been tried to make clear the 
intuitive meaning of the notions under discussion, and 
several useful examples along with a diagram have been 
provided, whenever it seems feasible. Further in course 
of our discussion, certain types of compatible maps 
are characterized and compared in terms of continuity 
of maps, and a common fixed point theorem for A-
compatible and S-compatible maps on complete metric 
spaces is stated. The contents presented in this chapter 
are due to Pathak and Khan [62]. 
In the end, a bibliography is given which by no 
means is exhaustive one but lists only those books and 
papers which have been referred to in the text. 
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CHAPTER I 
ON A WEAK COMMUTATIVITY CONDITION 
1.1 INTRODUCTION 
By a fixed point theorem we shall understand a 
statement which asserts that under what conditions a 
mapping T of a set X admits one or more point x of X for 
which Tx=x. Probably, the most significant result of 
fixed point theory was given by a Polish mathematician 
Stefan Banach in 1922, and is popularly referred as 
classical Banach Contraction Principle, which states 
that every contraction mapping of a complete metric 
space into itself has a unique fixed point. A number of 
extensions and generalizations of this celebrated 
theorem have been obtained in recent years. A nice 
treatment of this development can be found in Rus 
[67], Smart [76] and Istratescu [31]. 
The fixed point theory in Banach spaces has got its 
origin in Browder [3,4], Gohde [23] and Kirk [50]. 
They independently proved that a non-expansive mapping 
on a bounded closed convex subset of a uniformly convex 
Banach space has a fixed point. Since then this theorem 
(2) 
has been improved in various ways which is not the 
subject matter of this dissertation. 
1.2 JUNGCK' S THEOREM 
The well known conjecture that if f and g are two 
continuous commuting functions which maps a closed 
interval of a real line into itself, then they have a 
common fixed point, was given independently by Eldon-
Dyer (1954), Allen L.Shields (1955) and Lester Dubine 
(1956) . The partial solutions to this conjecture were 
given by Cohen [9], Jungck [32], De Marr [12,13] and 
others. But in 1967 Boyce [1,2] and Huneke [27] 
independently disproved it by constructing an example 
of [0,1] equipped with above properties without a common 
fixed point. Therefore the common fixed point theorems 
for commuting mappings require extra conditions on the 
space or extra conditions on the mappings or on their 
ranges. Motivated from the fact that the fixed point 
of a mapping can always be regarded as the common fixed 
point of that mapping and identity mapping on the same 
set, Jungck [32] proved the following significant 
generalization of classical Banach Contraction 
Principle. In fact Jungck [32] replaced the 'Identity 
mapping' by 'continuous mapping' and proved the following 
fruitful generalization of Banach Contraction Principle. 
(3) 
THEOREM 1.2.1 ([32,1976]). Let f be a continuous self-
mapping of (X,d). If there exists a mapping g : X->X 
and a constant 0<a<l such that 
(i) f(g(x))=g(f(x)) for every x in X, 
(ii) g(X) c f(X), 
(iii) d(gx,gy)< ad(fx,fy) for every x, y in X, 
then f and g have a unique common fixed point in X. 
Since then a number of authors extended, 
generalized and modified this theorem in various ways. 
For further extensions, generalizations and applications 
of Jungck's fixed point theorem one can consult Fisher 
[17,18], Kasahara [42], Meade-Singh [52], Park 
[55,56,57], Park and Park [54], Singh [72], Yeh [77,78], 
Khan [45], Sessa [68] and several others. 
1.3 i9EAKLY COMMUTING M21PPIN6S 
This section deals with the concept of 'weakly 
commuting mappings', as introduced in Sessa, [68] along 
with an example. Also, a theorem due to Sessa and 
Fisher [69], establishing its inter-relation with 
commuting mappings is presented. But firstly, we give 
some definitions which are necessary for the presentation 
of the theorem. 
(4) 
DEFINITION 1.3.1. Two self-mappings f and g of a metric 
space (X, d) are commuting if 
f(g(x)) = g(f(X)) 
for all X € X. 
DEFINITION 1.3.2 ([68]). Let f and g be mappings of a 
metric space (X,d) into itself. Then {f,g} is said to 
be a 'weakly commuting pair' if 
d(fg(x),gf(x))< d(f(x),g(x)), 
for all XGX. Clearly, a commuting pair is weakly 
commuting, but converse is not necessarily true as is 
shown by the following simple example (Sessa [68]). 
EXAMPLE 1.3.3 Consider the set X=[0,1] with the usual 
metric. Let us define self-mappings f and g on X by 
putting f(x)=x/2 and g(x)=x/2+x for every xeX. Then 
for all xeX, one gets 
X X 
f(g(x))= , g(f(x))= 
4+2x 4+x 
and 
d(fgx, gfx)= 
X 
4+2x 
X 
4+x t 4+2x)(4+x) X 4+2x 
X X 
= _ = d (fx,gx) 
2 2+x 
for all X in X. 
Therefore, f and g are weakly commuting mappings. 
(5) 
But, for any nonzero x€X, we have 
X X 
g(f(x))= > = f(g{x)), 
4+x 4+2x 
which shows that f and g are not commuting mappings. 
However, the following theorem inter-relates 
'commuting mappings' with that of 'weakly commuting 
mappings', and is essentially borrowed from Sessa and 
Fisher[69]. 
THEOREM 1.3.4 ( [69] ) . Let f and g be self-mappings of 
the set X={x, x'} with any metric d. If the range of g 
contains the range of f, then f and g commute if and 
only if they weakly commute. 
PROOF. The four possible self-mappings of X are as 
follows: 
Ax=x, Ax'=x', Bx=Bx'=x, 
Cx=Cx'=x', Dx=x',Dx'=x. 
We note that A is the identity on X and since we only 
have to prove that weakly commuting mappings commute 
we may suppose that f ^ g^, f *A, g*A. Further, since 
the range of g contains the range of f, we only have to 
consider the following two cases : 
(i) B=f, D=g 
(ii) C=f, D=g 
(6) 
If f and g weakly commute then (i) implies 
d (X, X' ) =cl (Bx, Dx) =d (BDx', DBx' ) 
< d{Bx',Dx')=d(x,x)=0 
and (ii) implies 
d(x',x) = d(Cx',Dx')=d{CDx,DCx) 
< d(Dx,Cx)=d{x',x')=0. 
Thus in either case x=x', a contradiction. The 
conditions of the theorem can therefore hold only if 
either f=g or f=A or g=A and the commutativity of f and 
g follows. 
1.4 SOME SELECTED FIXED POINT THEOREMS 
The literature on common fixed point theorem is so 
vast that it is not possible to attempt an exhaustive 
survey of literature. Here, we opt to present a general 
common fixed point theorem with proof, and derive many 
well known results as corollaries. For this we need 
the following notations. 
Let R* be the set of non-negative reals and let 
(X,d) be a complete metric space. Singh and Meade[75], 
improving a result of Husain and Sehgal [28], proved a 
common fixed point theorem for a pair of self-mappings 
of {X,d), considering a real function (j> :{R*)^->R'^ 
satisfying the following properties: 
(7) 
(i) (}> is upper semi-continuous, 
(ii) <|>is non-decreasing in each co-ordinate variable, 
(iii) (j>(t, t,a t,a t, t) <t for any t>0 where a >0, a >0 
and a +a =3 
1 2 
As in [5], [25] we puty(t)=niax {<|>(t,t,t,t,t), <|>(t, t,2t,0,t), 
«|>(t,t,0,2t,t)} 
for any t>0 and further, we assume a slight modified 
version of the property (iii), i.e. 
(iii)' y(t)<t for any t>0. 
Let Vj/be the family of such functions (j). Many authors 
studied contractive conditions controlled by <|> and y 
for instance, see C. Chang [5], S. Chang [6], Danes 
[10], Khan and Imdad [47], Matkowski [51], Rhoades 
[65], Sharma [71] Park & Rhoades[58] and several others. 
Now let S,T, A and B be mappings from a metric 
space (X,d) into itself such that 
(iv) T(X)cA{X) and S(X)cB(X) 
(V) d(Sx,Ty)<<|)(d(Ax,By) ,d (Ax, Sx) ,d (Ax,Ty) ,d (By, Sx) , 
d(By,Ty)) 
for a l l x ,y in X, where (j)satisfies ( i ) , ( i i ) and ( i i i ) ' . 
Let X be an a r b i t r a r y p o i n t of X and x ,x €X such 
0 •' ^ 1 2 
that Sx =Bx , Tx =Ax . This can be done since (iv) holds. 
0 1 1 2 
(8) 
On the line of Fisher [20], we can inductively define 
a sequence {y } in X such that 
n 
{Sx , Tx , Sx , Tx,....,Sx , Tx , Sx , } = {y } 
^ 0 1 2 3 2n' 2x+l 2n+2 "^  n 
(vi) i.e. y =Sx =Bx , y =Tx = Ax 
-'2n 2n 2n+l •* 2n+l 2n+l 2n+2 
for each integer neN={0,l/2, }. 
Now, we record the following useful results for 
future use : 
LEMMTl 1.4.1( [75] ) . For every t>0 y(t)<t if and only if 
lim 'f{t)=0, where y" denotes the n-times cortposition of y. 
n->oo 
IgMMR. 1.4.2 ([47]) . lim d(y ,y )=0, where {y } is a sequence 
n->oo " "+^  " 
in X defined by (vi). 
PROOF. Let d=d(y,y ) , n=0,l,2 Now, we shall 
—^~"^— n n n+1 
show tha t the sequence {d } i s non-increasing in R*, 
t ha t i s , d < d for n=l,2,3 
n — n-1 
Using (V), we ge t 
d(Sx ,Tx )< 4(d(Ax ,Bx ) , d(Ax ,Sx ) , d(Ax ,Tx ) 
2n' 2n+l — ^ ' ' 2n' 2n+l 2x' 2n 2n 2n+l 
d(Bx ,Sx ), d(Bx , Tx )) 
2n+l 2n 2n+l 2n+l ' 
or, equivalently 
^ < y 2 „ ' y 2 „ ) ' ^ ( y 2 n ' y 2 n . i ^ ^ 
Suppose that d <d for some n. Then, we have 
n-1 n. 
( 9 ) 
d < <Kd , d , 2d , d . d )<d 
2n — ^ 2n 2n 2n 2 n ' 2n 2n 
a contradiction. Hence d < d . Similarly, one can 
n — n-1 
show t h a t d < d f o r n = 0 , l / 2 / . . . . . C o n s e q u e n t l y , {d } 
n+l — n n 
i s a n o n - i n c r e a s i n g s e q u e n c e i n R*. 
Now 
< <j>(d(Ax ,Bx ) , d ( A x , Sx ) ,d (Ax ,Tx ) , 
d(Bx^,Sx^), d(Bx^,Tx^)) 
d^ < <|)(d(y^,yj , d ( y ^ , y j ,d{y^,y^) ,d(y^,y^) , d (y^ ,y^ ) ) , 
d < (|){d, d , ( d + d ) , 0, d ) , 
1 — 0 0 0 1 1 
d < <j>(d , d , 2d , d , d )= y ( d ) . 
1 — ^ 0 0 0 0 0 ' 0 
In general, we have d < y"(d ); which implies that, if 
d >0, then by Lemma 1.4.1, we have 
l i m d < l i m y"(d ) = 0 . 
n->oo n ~ n->oo 0 
Therefore, we obtain lim d=0. Ebr d,=0, Since {d } i s non-
i n c r e a s i n g , we clearly have lim d =0, i . e . , l im d(y , y , J = 0 , 
n-^ oo" n^oo " "*^  
where {y^ }^ is a sequence in X defined by (vi) . 
LEMM^ 1.4.3 {[47]). The sequence {y^ } defined by (vi) 
is a Cauchy sequence in X. 
PROOF. By virtue of Lemma 1.4.2, it is sufficient to 
show that the sequence {y2n} is a Cauchy sequence in X. 
(10) 
Suppose t h a t {Yjn) i s n o t a Cauchy s e q u e n c e . Then t h e r e 
i s an e>0 such t h a t f o r each even i n t e g e r 2 k ( k = 0 , l , 2 . . . ) , 
t h e r e e x i s t e v e n i n t e g e r s 2in(k) and 2 n ( k ) w i t h 
2m(k)>2n(k )>2k such t h a t 
d ( y , y ) > € . 1 . 4 . 3 . 1 
••anKk) • '2n(k) 
For each even integer 2k, let 2ni(k) be the least even 
integer exceeding 2n(k) satisfying (1.4.3.1), that is, 
d(y ,y )<e and d(y ,y )>G. 1.4.3.2 
•'ZnU) •'2m(lc)-2 — 2n(k) -^  2m(k) 
Then for each even integer 2k, we have 
e < d ( y ,y )<d(y ,y )+d(y ,y )+d(y y ) . 
— 2n(k) "'2m(k) — •'2n(k) •'2m(k)-2 •'2m(k)-2 "^2m(k)-l •^2m(k)-l, 2m(k) 
By Lemma 1 . 4 . 2 and ( 1 . 4 . 3 . 2 ) , i t f o l l ows t h a t 
d ( y / y ) ^ € a s k->oo 1 . 4 . 3 . 3 
• '2n(k) •'2m{k) 
By the triangle inequality, we have 
and 
d(y , y )-d(y ,y ) <d(y ,y ) 
•'2n(k) •'2m(k)-l -'2n(k) •'2m(k) ' — -'2m(k) -'2m{k)-l 
d(y I y )-d(y ,y ) 
•'2n(k)+l •'2m(k)-l -"aiKk) •'2m(k) 
< d(y ,y )+ d(y ,y ) 
— •'2m(k) •'2m(k)-l •'2n(k) -'2n(k)+l 
Using Lemma 1.4.2 and (1.4.3.3) in the above in-
equalities, we get as k^oo 
d(y ,y ) ->G and d(y ,y )->G 1.4.3.4 
-'2n(k) -'2m(k)-l -'2n(k)+l •'2m(k)-l 
( 11 ) 
Now 
d(V . V )< d(V , V ) +d(V , y ) 
•'2n(k) •'2m(k) — '"'aiKk)' •'2n(k)+l' • '2n(k)+l ' -'2ni(k) 
= d ( y , y ) + d ( T x , Sx ) 
"'2n(k) •'2n(k+l) 2n(k)+l 2m(k) 
< d ( y , y )+<|>(d(Ax , B x ) , 
— ''2n(k) •'2n(k)+l ^* - ' 2in(k) 2n(k)+l 
d{Ax , Sx ) , d (Ax , Tx ) , 
2m(k) 2in(k) 2ro(k) 2n(k)+l 
d(Bx , Sx ) , d{Bx ,Tx ) ) 
2n(k)+l 2m(k) 2n(k)+l 2n(k)+l) 
= ^ < y 2 n , k , ' y 2 n , k , . i ) ^ * ( ^ < y 2 . < k , - i ' y 2 „ , k , ) ' 
d ( y r y ) f d ( y , y ) , 
•'2m(k)-l •'2m(k) •'2m(k)-l •'2n(k)+l 
d { y ,Y ) , d ( y , y ) ) . 
•'2n(k) •'2m(k) •'2n(k) •'2n(k)+l) 
S i n c e <|>e^ , b y Lemma 1 . 4 . 2 , ( 1 . 4 . 3 . 3 ) a n d ( 1 . 4 . 3 . 4 ) , 
we h a v e , a s k->ao, 
G< ( | ) ( e , 0 , € , e , 0 ) < y ( e ) < G , 
which is a contradiction to our assumption that {y } 
2n 
i s not a Cauchy sequence. Therefore, {y } i s a Cauchy 
2n 
sequence in X and so is {y }. 
Next, we present the proof of a common fixed point 
theorem for four self-mappings on a complete metric 
space, using a well known contractive condition of 
Singh and Meade [75] and the concept of 'weak 
commutativity' of Sessa [68]. 
THEOREM 1.4.4 ([14]). Let S,T,A and B be four self 
(12) 
mappings of (X,d) satisfying (iv),(v) and following: 
(vii) One of S,T,A and B is continuous, 
(viii) S and T weakly commute with A and B respectively. 
Then S,T,A and B have a unique coinnon fixed point z in X. 
Further, z is the unique common fixed point of the 
pairs (S,A) and (T,B) separately. 
PROOF. By Lemma 1.4.3, the sequence {y } defined by 
(vi) is a Cauchy sequence in X and so, since (X,d) is 
complete, it converges to a point z in X. On the other 
hand, subsequences {Sx }, {Tx }, (Ax } and IBx } of 
' ^ 2n 2n+l 2n 2n+l 
{y } also converges to z. 
n 
Now, suppose that A is continuous, then ASx ->Az 
and A^ x -»Az as n->oo. Being S weakly commuting with A, 
we deduce 
d(SAx ,Az)< d(SAx ,ASx )+d(ASx , A z ) , 
2n — 2n 2n 2n 
< d(Ax ,Sx )+d(ASx ,Az) 
— 2n' 2n 2n 
which i i t p l i e s , a s n -^oo, t h a t {SAx } a l s o converges t o Az. 
Now 
d(SAx ,Tx )<<J>(d(A^x ,Bx ),d(A^x , SAx ),d(A^x ,Tx ) 
2n 2n+l — 2n 2n+l 2n 2n 2n 2n+l 
d(Bx ,SAx ),d(Bx ,Tx )) 
2n+l' 2n ' 2n+l 2n+l 
Taking n->oo, since <|) e *P , we have 
(13) 
d(A2,z)< (|)(d(Az,z),0,d(Az,z),d(Az,z),0) 
< y(d(Az,z))< d(Az,z), 
which is a contradiction. Thus, Az=z. 
Again, by (v), we have 
d(Sz,Tx^ ^ )^< <|)(d(Az,Bx^ ^^ J ,d(Az, Sz) , d (Az,Tx^ ^^ )^ , 
d(Bx ,S2), d(Bx ,Tx )) 
2n+l 2n+l 2n+l 
Taking n-^ oo, since ^ €^, we obtain 
d(Sz,z) < <|>{0,d(z,Sz) ,0,d(z,Sz) ,0) 
< y(d(Sz,z))<d(Sz,z), 
a contradiction, implying thereby Sz=z, and hence we 
obtain Az=Sz=z. Since the range of B contains the range 
of S let z' be a point in X such that Bz'=z. Then using 
(v) , since <|) e^, taking n->oo, we have 
d{z,Tz')=d(Sz,Tz') < (J> (O, 0,d(z,Tz') / 0,d{z,Tz') ) 
< Y(d{z,Tz'))<d(z,Tz'), 
which implies Tz'=z by property (iii)' . 
Since T is weakly commuting with B, we have 
d(TBz',BTz•)< d(Bz•,Tz•)=d(z,z)=0, 
and 
Bz=BTz'=TBz'=Tz; i.e., Bz=Tz 
Now 
d(z,Tz)=d(Sz,Tz)£(|) (d(Az,Bz) ,d(Az,Sz) ,d(Az,Tz) , 
d(Bz,Sz),d(Bz,Tz)) 
(14) 
= <|)(d(z,T2),0,d(z,Tz),d(z,Tz),0) 
< Y(d(z,Tz))<d(2,Tz), 
which is a contradiction. Thus, Tz=z, yielding thereby 
Bz = Tz = z 
Hence, we conclude that Az=Bz=Sz=Tz=z; i.e., z is 
a common fixed point of S,T,A and B. The uniqueness of 
common fixed point z follows easily from contraction 
condition (v) . Similarly we can also complete the proof 
when B or S or T is continuous. This completes the 
proof. 
Now, we use an example (cf.[68]) to discuss the 
validity of the hypotheses and degree of generality of 
Theorem 1.4.4. 
EXAMPLE 1.4.5 ([68]) . Let X=[0,1] with Euclidean metric 
d and let S,T,A and B be defined by 
X X X X 
Sx = , Tx = , Ax= , Bx = 
x+2 x+3 2 3 
for any x in X. 
Now 
S(Ax) 
X 
x+4 
and A(Sx) = 
X 
2x+4 
, then 
d(SAx,ASx) = 
X 
x+4 
x 
2x+4 
2 
X 
~ 4+2x 
X 
2 
X 
2+x 
Which shows that S weakly commutes with A, clearly A 
(15) 
and S are not commuting mappings 
Similarly one can show that 
d(TBx,BTx) = 
X X X 
< = = d(Bx,Tx), 
3x+9 3 x+3 
X X 
x+9 3x+9 
for any x in X, implying that T weakly commutes with B 
but T does not commute with B as TBx^BTx for any 
nonzero x in X. Let 
t 
<|)(t ,t ,t ,t ,t )= —^-- = g(t ) 
1 2 3 4 5 CJ-4- 1 6+t 
1 
for all t ,t ,t ,t ,t >0 
1 2 3 4 5 — 
I t i s immediately seen tha t <j>enjoys proper t ies (i) , ( i i ) 
and ( i i i ) ' . 
Further, we have T (X) = [0,i<]c[0,ll]=A(X), S (X) = [0, V3 ]=B(X) 
and 
|3x-2y| |3x-2y| 
d(Sx,Ty)= < — 
(x+2) (y+3) (6+|3x-2yl) 
= g(d(Ax,By)), 
for all x,y in X. 
As the maps S,T, A and B are continuous, therefore all 
the assumptions of Theorem 1.4.4 are verified resulting 
zero the unique common fixed point of S,T,A and B. 
COROLLARY 1.4.6. Let A,B,S and T be self-mappings on 
a complete metric space (X,d) satisfying the conditions 
(16) 
(iv), (vii), (viii) of Theorem 1.4.4 and contraction 
condition (v) is replaced by any one of the following: 
For all x,y € X. 
(a) d(Sx,Ty)< q max {d(Ax,By) ,d(Ax,Sx) ,d(Ax,Ty) ,d(By,Ty), 
d(By,Sx)} 
where 0<q<l/ 
(b) d(Sx,Ty)< q max {d(Ax,By),d(Ax,Sx),d(By,Ty), 
ii[d(Ax,Ty)+d(By,Sx) ] } 
where 0<q<l 
(c) d(Sx,Ty)<ad(Ax,By)+P[d(Ax,Sx)+d(By,Ty)] + 
5[d(Ax,Ty)+d(By,Sx)] 
where a, P, and 5 are noh-negative real numbers with 
a+2P+25<l 
(d) d(Sx,Ty)< f(max (d(Ax,By),d(Ax,Sx),d(By,Ty), 
H[d(Ax,Ty)+d(By,Sx)]}) 
where f : R"^  ->R* is a function satisfying the conditions 
(i), (ii) and f(t)<t for all t>0. 
Then A,B,S and T have a unique common fixed point 
in X. 
PROOF. If we define a mapping (|> : (R*) ^ ->R* by 
(a') «|)(t^ ,t^ ,t^ ,t^ ,t^ ) = q max (t^, t^, t^, t^, t^ } 
(b') «jKt ,t ,t ,t ,t ) = q max {t , t , t ,^[t+t 1 } 
1 2 3 4 3 1 2 3 4 5 
( c ' ) d>(t , t , t , t , t ) = a t + P ( t + t ) + 8 ( t + t ) 
^ 1 2 3 4 5 1 * ^ 2 3 4 5 
( d ' ) <|i(t , t . t , t , t ) = f (max{t , t , t , i 5 ( t + t ) } ) 
1 2 J 4 O 1 2 3 4 5 
(17) 
respectively, where 0<q<l, a, P, 5 are non-negative real 
numbers with a+2P+26<l and f: R*->R* is a function 
satisfying the conditions (i),(ii) and f(t)<t for all 
t>0, then <j)e^ . Hence, by Theorem 1.4.4 this corollary 
follows. 
REMARKS 
(1) Corollary 1.4.6 corresponding to the contraction 
condition (a) generalizes many known results 
especially those contained in Das-Naik [11], Fisher 
[17,18] and many others. 
(2) Corollary 1.4.6 corresponding to the contraction 
condition (b) generalizes many known results such 
as : diric[7,8], Khan-Imdad [47,48] and several 
others. 
(3) Corollary 1.4.6 corresponding to the contraction 
condition (c) generalizes many known results namely 
: Hardy-Rogers [26], Kannan [39,40], and others. 
(4) Corollary 1.4.6 corresponding to the contraction 
condition (d) improves many known results due to 
Sessa-Mukherjee-Som [70] and many others cited 
therein. 
Cfutptcr 2 
ON COMPATIBLE 
MAPPINGS 
CHAPTER I I 
ON COMPATIBLE MAPPINGS 
2 . 1 INTRODUCTION 
Sessa [68] initiated a generalization of commuting 
mappings by defining 'weakly commuting mappings' as 
already discussed in Chapter I. As indicated earlier, 
he and many others derived common fixed point theorems 
employing the notion of 'weakly commuting mappings'. A 
detailed account of this work can be found in Sessa 
[68], Jungck [32], Rhoades et al.[66], Sessa et al. 
[70] Fisher and Sessa [21], Imdad-Khan and Sessa [30], 
Khan and Fisher [46] and several others. Motivated 
from Sessa [68], Jungck [32], proposed yet another 
generalization of commuting mappings by introducing a 
less restrictive concept of 'compatible mappings', which 
forms the subject matter of this chapter. 
2,2. PAIR OF COMPATIBLE MAPPINGS 
Here we present the concept of 'compatibility' as 
introduced and discussed in Jungck [33] along with 
some selected examples establishing its inter-relation 
with 'weak coramutativity' of Sessa [68]. 
DEFINITION 2.2.1 ([33]). Two self-mappings f and g of 
a metric space(X,d) are said to be compatible iff 
lim d(fg(x ),gf(x ))=0, 
n—^00 " " 
( 19 ) 
whenever {x } is a sequence in X such that lim f (x )= lin g (x)=t 
" n—>oo " n—>oo " 
for some t in X. Clearly, every weakly conmiuting pair 
is compatible but converse is not generally true as is 
shown in the following examples (Jungck [33]). 
EXAMPLE 2.2 .2 ( [33] ) . Consider X=R equipped with usual 
metric. On X define f (x)=x^  and g(x)=2x^. Then for all 
xeX/ one gets 
f(g{x)) = (2x')' = 8x' , g(f(x)) = 2(x')' = 2x% 
and 
also 
d(fx,gx) =1x^ -2x^ 1 = Ix^ l-J-O iff x-^0. 
lim d(fgx,gfx) = lim |8x^- 2x^| 
x^O x->0 
= lim 16x^1=0, 
x^O 
so, the pair of mappings (f,g) are compatible, but they 
are not a weakly commuting pair. 
EXAMPLE 2.2.3 ([33]) . Consider X=R equipped with usual 
metric. On X define f (x)=x^  and g(x)=2-x. Then for all 
xeX, one gets 
f (g(x ))=(2-x ) % g(f (X ) )=2-x % 
n n n n 
and 
d(fx ,gx ) = |x ^ -(2-x ) | = |x -1| |x '+x +2|->0 iff x-^1, 
also 
n n n 
lim d(fgx ,gfx )=lim | (2-x )^ -(2-x ^) | 
X ->1 " " X -^1 " " 
n n 
= lim 16(x^-2x +1) 1 
X ^ 1 " " 
n 
( 20 ) 
= lim )6(x -1)^1=0 
X ->1 " 
n 
whenever {x } is a sequence in X such that lim fx = 
" x ->1 " 
n 
lim gx =1 for leR. So, the pair of mappings (f,g) are 
X ^ 1 " 
n 
compa t ib l e , but they a r e not a weakly commuting p a i r . 
2 . 3 SOME RESULTS ON COMPATIBILITY 
The fol lowing r e s u l t s a re e s s e n t i a l l y borrowed from 
Jungck [ 3 3 ] : 
PROPOSITION 2 . 3 . 1 ( [ 3 3 ] ) . Let f , g : (X,d)-^(X,d) be 
c o m p a t i b l e . 
(1) I f f ( t ) = g ( t ) , t h e n f g ( t ) = g f { t ) . 
(2) Suppose-that lim f(x ) =lim g(x ) =t for some t in X. 
n " n " 
(a) If f is continuous at t, then lim gf (x )=f(t). 
n " 
(b) If f and g are continuous at t , then f(t)=g(t) 
and fg{t)=gf(t). 
PROOF. (1) Suppose that f (t)=g{t), and let x =t for n in N. 
Then f (x )/g(x )^f (t), and by compatibility, we get 
n n 
d(fg(t),gf (t))=d(fg(x ),gf (x ))->0. 
n n 
Consequently d (fg(t) ,gf (t) ) =0 and so, fg(t)=gf(t). 
(2) Given that lim f (x )=lim g(x ) =t for some t in X. 
n " n " 
(a) Since f is continuous, therefore, if g(x )-> t, 
n 
then fg(x )->f(t). By triangle inequality, we have 
n 
d(gf (X ),f (t) )< d(gf (X ),fg(x ) )+d(fg{x ),f (t)) 
n n n n 
Since fg(x ) -> f (t) and f and g are compatible, we have 
( 21 ) 
d(gf(X ),f(t))-^0; i.e., gf(x)->f(t). 
n n 
(b) From 2(a) , we have gf (x )->f (t) for some t in X. 
n 
since g is continuous/ one get gf(x )->g(t). Thus 
n 
f(t)=g{t) by uniqueness of limit, and therefore 
fg(t)=gf(t) by part (1) . 
The following proposition due to Jungck [33] provides 
some criterion for identifying compatible functions. 
PROPOSITION 2.3.2. ([33]) Let f,g be continuous self-
mappings of a metric space (X,d), and let F={x€X : 
f(x)=g(x)=x}. Then the pair (f,g) are compatible if 
any one of the following conditions is satisfied. 
(a) If f(x ),g(x )-> t(eX), then teF. 
n n 
(b) d(f (X ) ,g(x ) ) -> 0 implies D(f (x )/F)-> 0 
n n n 
(c) F compact and d(f(x ), ,g(x ))->0 implies D(x ,F)->0, 
n n n 
where D(x, F)=inf {d(x,y) : yeF) 
PROOF, (a) Suppose that lim f (x )=lim g(x )=t —2.3.2.1 
n n n n 
for some t in X. If (a) holds, then f(t)=g(t)=t. Then 
by the continuity of f and g, we get 
fg(x )-> f (t)=t and gf (x ) -> g(t)=t, 
n n 
Therefore, lim d((fg(x),gf(x ) ) =d (f (t),g(t))=0; i.e., 
n n n 
f and g are compatible. 
(b) Suppose that (b) holds, then the compatibility 
of f and g follows easily from (a) and (2.3.2.1) upon 
noting that F is closed since f and g are continuous. 
( 22 ) 
(c) Suppose that F is compact and that (2.3.2.1) 
and (c) holds. Then d (f (x ), g(x ))->0 and D{x , F)->0.. 
n n n 
Since F is compact there exists a subsequence {x }of 
(x } which converges to some element c of F. Then by 
n 
the continuity of f and definition of F, we have 
f (X. )->f (c)=c. 
Consequently, (2.3.2.1) implies that c=t€F. Therefore, 
f and g are compatible by (a). 
EXAMPLE 2.3.3 ([33]). Let f(x)=xVax^ (a>l) andg(x)=x^ 
with X=R equipped with usual metric. Then d(f (X ),g(x ) ) =|x * +ax ^-x 2 
n n 
= X ^|x ^+a-l|->0 
n n 
if and only if x ->0(eF) , which implies that f and g are 
compatible by Proposition 2.3.2(c) . But f and g are not 
weakly commutative. 
COROLLARY 2.3.4 ([33]). Suppose that f and g are 
continuous self maps of R such that f-g is strictly 
increasing. If f and g have a common fixed point, then 
f and g are compatible. 
PROOF. Given that f and g have a common fixed point; 
i.e., f(t)=g(t)=t for some t in X. Now let x =t for n in N 
n 
then, we have 
f(X )->f(t)=t and g(x )->g(t)=t. 
n n 
Consequently, f(x ),g(x )~>t for t in X. Therefore, 
n n 
d(fg(x ),gf(x )) ->0; i.e., f and g are compatible. 
( 23 ) 
EXAMPLE 2.3.5 ( [33] ) .Let f(x)=e''-l and g(x)=x^ with 
X=R. Since f(0)=g(0)=0 and f-g is increasing, by the 
above corollary f and g are compatible. 
EXAMPLE 2.3.6( [33]) . If f(x)=x^+ax and g(x)=inx with 
X=R and a>m, then f(0)=0 and g(0)=0. Consequently, 
f(0)=g(0)=0 by the uniqueness of limit. Since f-g is 
increasing, by the above corollary f and g are 
compatible. 
REMARK. Now, it is easy to show that if g f : R->R and 
the pairs f ,g are compatible for (i=l,2,3 n) , 
and i f G ( X ,x , ,x ) = (g, (x ) , g (x ) , ,g (x ) ) and 
1 2 n 1 1 2 2 n n 
F ( X ,x , ,x ) = (f (X ) , f (X ) , , f (X ) ) , then F 
1 2 n 1 1 2 2 n n 
and G are compatible on (R",d) where d is the Euclidean 
metric. Thus the preceding examples show that G(x,y)= 
(e''-l,7y) and F(x,y) = (x%y^+8y) are compatible on (R%d) . 
2.4 FIXED POINT THEOREMS VIA COMPATIBILITY 
In this section, we briefly discuss some selected 
fixed point theorems employing the notion of 
•compatibility'. We shall demonstrate that how several 
fixed point theorems can be improved by substituting 
'compatibility' for 'weak commutativity' in the 
hypotheses. The existing literature on 'compatibility' 
is so vast that it is not possible to attempt an 
exhaustive survey of literature. Here we opt to present 
certain selected results, which are essentially borrowed 
( 24 ) 
from Jungck and Rhoades [36]. 
THEOREM 2.4.1 Theorem 1.4.4 remains true if we replace 
'compatibility' for 'weak commutativity' in the 
hypotheses, retaining the rest of the conditions. 
PROOF. By Lemma 1.4.3, the sequence {y)defined by 
(vi) (cf. Chapter I, Page 8), is a Cauchy sequence in 
X and so, since {X,d) is complete, it coverges to a 
point z in X. On the other hand, subsequences {Sx }, 
{Ax }, {Bx }, {Tx } of {y } also converges to z. 
2n 2n+l 2n+l n 
Now, suppose that A is continuous, then ASx ->Az 
and A^x ->Az as n->>oo. Since the pair (S,A) are cortpatible, 
by Proposition [2.3.1(2a)] SAx -•Az. 
2n 
Now 
d(SAx ,Tx )< <|)(d(A^x ,Bx ) , d(A^x , SAx ) , 
2n' 2n+l '— ^ ^ ' 2n' 2n+l' ' 2n' 2n 
d(A^x ,Tx ) , d ( B x ,SAx ) , 
2n' 2n+l 2n+l 2n ' 
d(Bx ,Tx ) ) . 
2n+l 2n+l ' 
Taking n-^oo, since <|> ^  ^ / (<t> and ^ are the same as in 
Chapter I) 
d(Az,z)£«|) (d(Az,z),0,d(Az,z),d(Az,z),0) 
<Y(d(Az,z) )<d(Az,z), 
which is a contradiction. Thus, Kz=z. 
Next, we get 
d(Sz,Tx )< (t) (d(Az,Bx ) , d (Az, Sz) , d{Az,Tx ), 
2n+l — 2n+l 2n+l 
d(Bx ,Sz),d(Bx ,Tx ) ) . 
2n+l 2n+l 2n+l ' 
T a k i n g n-^oo, s i n c e (j>eT , we g e t 
( 25 ) 
d(Sz,z)<<t>(0,d(Sz,z),0,d(Sz,z),0) 
<y(d(Sz,z) ) <d(Sz,z), 
which is a contradiction. Thus, Sz=z/ yielding thereby 
Az=Sz=z. Since S(X)cB(X) there exists a point z'in X 
such that Bz'=z 
Now 
d{z,Tz')= d(Sz,Tz') 
< (()(d(Az,bz')/d(Az,Sz) ,d(Az,Tz') , 
d(Bz',Sz),d(Bz',Tz') ) . 
Since Az=Sz=z and Bz'=z, we get 
d(z,Tz')< <|>(0,0,d(z,Tz')/0,d{z,Tz') ) 
< y(d(z,Tz'))<d(z,Tz'), 
which is a contradiction. Thus, Tz*=z. But Tz'=Bz' 
implies that T and B commute at z \ by Proposition 
[2.3.1(1)], we obtain Tz=TBz'=BTz'=Bz and so Tz=Bz. 
Now 
d(z,Tz) =d(Sz,Tz) 
< ^ (d(Az,Bz),d{Az,Sz),d{Az,Tz), 
d(Bz,Sz),d(Bz,Tz)) . 
Since Az=Sz=z and Tz=Bz, we get 
d(z,Tz)< (|>(0,0,d(z,Tz),0,d(z,Tz)) 
< y(d(z,Tz))<d(z,Tz), 
which i s a cont radic t ion . Thus, we have Tz=z, y ie lding 
t h e r e b y Bz=Tz=z. T h e r e f o r e , we conc lude t h a t 
Az=Sz=Bz=Tz=z. That i s , z i s a common fixed point of 
( 26 ) 
S,T,A, and B. The uniqueness of common fixed point z 
follows easily. 
REMARK. By choosing A/B,S and T suitably one can derive 
a multitude of known fixed point theorems. 
Next, we wish to present another fixed point theorem 
from Jungck and Rhoades [36], satisfying a rational 
symmetric condition. They generalized an earlier result, 
proved for 'weak commutativity' due to Diviccaro-Sessa 
and Fisher [15]. 
THEOREM 2.4.2 ( [36] ) . Let S, T and I be self maps of a 
complete metric space (X,d) such that for x,y€X either 
(a) d(Sx,Ty)< (ad(Ix,Sx)d(Iy,Ty)+bd(Ix,Ty) ,d(Iy, Sx) ) D, 
where D= (d(Ix, Sx)+d(Iy,Ty) ) "^  if d(Ix, Sx)+d(Iy, Ty)?tO, 
where l<a<2 and b> 0, or 
(b) d(Sx,Ty)=0 if d(Ix,Sx)+ d(Iy,Ty)=0. 
Suppose S(X)UT(X)c I (X) . If either I is continuous and 
compatible with one of S,T or one of S or T is continuous 
and compatible with I, then I,S and T have a unique 
common fixed point z. Further, z is the unique common 
fixed point of S and I and of T and I. 
PROOF. Following the proof of Theorem 2.4.2 as in [15] 
one gets a sequence {x } and co GX such that 
n 
Ix , Sx , Tx ->to 2.4.2.1 
n 2n 2n-l 
First consider that d *0, where d =d{Tx , Sx ) and 
n 2n-l 2n-l 2n 
d =d(Sx ,Tx ). Next, assume that I is continuous and 
2n 2n 2n+l 
( 27 ) 
compatible with S. Then we get ISx , I^x -^Ico by 
^ 2n 2n 
continuity, and Six -»I0) by Proposition [2.3.1) 2(a)], 
2n 
since I and S are compatible and I continuous. We 
assert that I(JO=Ta). Otherwise, (a) in the hypotheses 
implies 
d(SIx ,T(D)< (ad(I^x , Six ) d(Ia),Ta))+bd (I^x ,T(0) 
2n ~~ 2n 2n 2n 
d(I(0,SIx ))D'\ 
where D=d(ICD, Sco)+d(Ia),T(D), But as n->oo, we obtain 
d{I(D,To))<0, a contradiction. Thus Ico = Tco. 
Proceeding in the same manner as in [15], we get 
1(0= S(0= TCD. 
The case in which I is continuous and compatible with 
T follows from the above because of the symmetric roles 
of S and T; i.e., Ico = Sco = Too in this case also. 
Now, suppose that S is continuous and coitpatible with I, 
then from Proposition [(2.3.1) 2(a)] and (2.4.2.1), we 
have 
Six , S^x -> SCO and ISx ->Sco. 
2n 2n 2n 
Since S(X) c I (X) , there exists co'eX such that Ico'=Sco. 
The argument in [15] remains valid in this case as the 
above sequences do converge to Sco, and we obtain 
Ico • =Sco • =Tco' =Sco. 
As above, we can appeal to "symmetry" to conclude that 
Iz=Sz=Tz for some z when T is continuous and compatible 
with I. 
(28) 
The case in which d =0 for some n is covered in [15] 
n 
and holds for us. Thus, in any case, 1(0= Sco == Tea for 
some ©eX. 
Now we will show that I© is a common fixed point of I, 
S, and T. Note that the argxament given depends on 
compatibility without any reference to continuity. If 
I and S are compatible, then Ta)= ICD= SCD and Proposition 
2.3.1(1) imply that SS© = SI© = IS© = II©. But then 
d(I^©,SI© )+d(I©,T©)=0, so that d(SI©,T©)==0 by (b) of 
the hypotheses. Therefore, I© =T© =SI©=II© , and z=I© 
is a common fixed point of I and S. Moreover, Tz=z. For 
if not, (a) of the hypotheses yields 
d(z,Tz)=d(Sz,Tz)< (ad(Iz,Sz)d(Iz,Tz)+bd(Iz,Tz)d(Iz,Sz)) 
(d(Iz,Sz)+d(Iz,Tz) ) "^=0; 
i.e., d(z,Tz)< 0, a contradiction. Thus, z=Iz=Sz=Tz. 
The other case, namely, I and T compatible, follows in 
a similar fashion. 
Therefore, in any case, I,S, and T have a common 
fixed point. The uniqueness assertions follow immediately 
from (b) of the hypotheses. 
REMARK. Jungck and Rhoades generalized a collection of 
fixed point theorems by replacing hypothesized 
•commutativity' or 'weak commutativity' of functions 
( 29) 
involved by 'compatibility'. Here it is not possible 
to accomodate all the theorems in the limited available 
space. For a systematic, uptodate and detailed account 
of this work one is referred to Jungck and Rhoades 
[36]. 
Chapttr 3 
COMPATIBLE 
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CHAPTER I I I 
COMPATIBLE IiIKE CONDITIONS 
3 . 1 IMTRODUCTION 
We have already discussed the utility of the notions 
of 'weakly commuting mappings' and 'compatible mappings' 
in common fixed point considerations in the last two 
chapters. For further details, we refer to Sessa [68], 
Jungck [33], Sessa et al. [70] and several others. 
In 1993 Jungck et al. [37] introduced the concept 
of compatible mappings of type(A) which is equivalent 
to the concept of compatible mappings under some 
conditions, and used it to prove a common fixed point 
theorem for compatible mappings of type (A) in a metric 
space. Further, Murthy et al.[53] proved some fixed 
point theorems of Gregus type for compatible mappings 
of type (A) in Banach spaces and in the same continuation 
Pathak-Khan [61] proved some common fixed point theorems 
of Gregus type for compatible mappings of type(B) in 
Banach spaces. 
Most recently Paithak et al. [63] introduced the 
notion of compatible mappings of type{C) and employed 
the same to establish yet another fixed point theorem 
of Gregus type. 
In this chapter, we shall discuss the concept of 
compatible mappings of type(A), compatible mappings of 
( 31 ) 
type(P), compatible mappings of type(B), compatible 
mappings of type(C) and certain results establishing 
their inter-relations. As a sample, we wish to present 
the proof of a common fixed point theorem of Gregus 
type for compatible mappings of type(C) in Banach spaces 
due to Pathak et al. [63]. 
3,2 COMPATIBLE MAPPINGS OF TYPE (A) 
This present section is mainly devoted to the concept 
of compatible mappings of type(A) and simple related 
results as mentioned in Jungck et al. [37] . Few examples 
are also discussed for the validity of the included 
results. But first of all, we begin with the definition 
of 'compatible mappings' as given by Jungck [32]. 
DEFINITION 3.2.1 {[33]) . Let S and T be mappings from 
a normed space (X,||.||) into itself. The mappings S and 
T are said to be compatible if 
l i m | |ST(x ) - T S ( x ) | | = 0, 
n->oo 
whenever {x } i s a sequence i n X such t h a t IJLm Sx =lim Tx =t 
" n->oo " n->oo " 
f o r some t e X. 
DEFINITION 3.2.2 ( [37]) . Let S and T be mappings from 
a normed space (X,||.||) into itself. The mappings S and 
T are said to be compatible mappings of type(A) if 
lim II TS(x )-SS(x )||=0 and lim || ST(x) -TT(x )||=0, 
n^oo " " n->oo 
( 32 ) 
whenever {x } is a sequence in X such that following holds 
n 
lim Sx =lim Tx =t 
n-^ oo " n->oo " 
for some t in X. 
The following result by Jungck et al. [37] shows 
that definitions(3.2.1-3.2.2) are equivalent under a 
suitably restricted situation. 
PROPOSITION 3.2 .3 ( [ 37 ]) . Let S and T be continuous 
mappings from a normed space (X,||.||) into itself. Then 
the following are equivalent: 
(i) S and T are compatible mappings, 
(ii) S and T are compatible mappings of type(A). 
PROOF. (i)<::>(ii) Let {x } be a sequence in X such that 
l i m Sx = l im Tx = t , 
n->oo " n->oo " 
f o r some t i n X. 
Since S and T are continuous, we have 
lim SSx_=lim STx =St, 
and 
n->oo " n—>oo 
lim TTx =lim TSx =Tt. 
n->oo " n->oo " 
Suppose that S and T are compatible. By triangle 
inequality, we have 
||SS(x ) - T S ( x )||<||SS(x ) -ST(x )|| + ||ST{x ) - T S ( x ) ||. 
n n n n n n 
Taking n->oo, since S and T are compatible and S is 
continuous, we have 
lim||SS{x )-TS(x )||< lim||SS(x )-ST(x )||+lim ||ST(x )-TS(x )|| = 0 
n—>oo " " ~"n—>oo " " n^oo " " 
( 33 ) 
which implies that ||SS (x^)-TS (x^ )||->0 as n->oo. 
Similarly, one gets 
||TT(x )-ST(x )||->0 as n->oo. 
n • n 
Therefore, S and T are compatible of type(A). 
Conversely, suppose that S and T are compatible of 
type(A) since T is continuous, we have 
||TS (X ) -TT (X ) ||-^ 0 as n->oo 
n n 
By triangle inequality, we have 
||ST (X ) -TS (X ) II < ||ST (X ) -TT (x ) || + ||TT (x ) -TS (x ) ||. 
n n — n n n n 
Taking n->oo since S and T are compatible mappings of 
type(A) and T is continuous, we have 
l i m ||ST(x ) -TS(x ) | | < l i m ||ST (x )-TT (x )||+lim||TT (x ) -TS(x )|| 
n->oo " " ~ n—>oo " " n—>oo " " 
which i m p l i e s t h a t ||ST (x )-TS (x ) ||-^0 a s n->oo. 
n n 
Therefore S and T a r e compa t ib l e . This comple tes t h e 
proof . 
However, P r o p o s i t i o n 3 . 2 . 3 i s not t r u e i f S and T 
a r e not con t inuous , which i s ev iden t from t h e fo l lowing 
examples. 
EXAMPLE 3 . 2 . 4 ( [ 3 7 ] ) . Let X=R, t he s e t of a l l r e a l 
n u m b e r s , w i t h t h e E u c l i d e a n norm | | . | | . D e f i n e 
S,T: (X,||. | |)-»(X,||. | |) as f o l l o w s : 
'1/x i f x;tO, ri/x^ i f x^^O, 
S(x) = '^  and T(x) = 
i f x=0 .2 i f x=0. 
( 34 ) 
Then S and T are not continuous at t=0. 
Now consider a sequence {x } in X defined by 
n 
X =n^,n=l,2, . . . . . Then we have, as n->oo, 
n 
1 
S(x ) -> t=0, 
n' 1 
T(x ) = — - -> t=0, 
n' 
and 
but 
and 
.4 _4| l i m ||ST(x ) -TS(x )| | = l i m | | n - n | | = 0, 
n-*oo " " n->oo 
.8 _ 4 i l i m ||ST(x ) -TT(x ) || = l i m | | n - n || = oo, 
n->oo " " n->oo 
2 4| l i m ||SS(x ) -TS(x )| | = l im | | n - n | | = oo. 
n^oo " " n->oo 
T h e r e f o r e , S and T a r e c o m p a t i b l e b u t t h e y a r e n o t 
c o m p a t i b l e of t y p e ( A ) . 
EgttffilE 3 . 2 . 5 ( [ 3 7 ] ) . Let X=[0,1] with the Eucl idean norm |1.||. 
De f ine S , T : [ 0 , l ] - » [ 0 , 1 ] by 
fx if x6[0,^), ri-x if x e [ 0 , H ) , 
S(x)=] and T(x)=' 
ll if xe[H,l] ll if xe[H,l]. 
Then S and T are not continuous at t=l/2. 
Now, we assert that S and T are not compatible but 
they are compatible of type (A) . To see this, suppose 
that {x }£[0,1] and that T(x ),S(x )->t. By definition 
n n n 
of S and T, te(^, 1}. Since S and T agree on [H,l], we 
need only consider t=l/2. So we can suppose that x-> 1/2 
n 
and that x <l/2 for all n. Then T(x )=l-x ->l/2 from the 
( 35 ) 
right and S(x)»=x-^l/2 from the left. Thus, since 
n n 
1-x > l / 2 , f o r a l l n, ST(x )=S(l-x )=l ,and, s ince x < l / 2 , 
n n n n 
TS(x )=T(x ) = l - x - > l / 2 . 
n n n 
Consequently, 
||ST(x ) -TS(x )| | = I | l - l / 2 | | - > l / 2 , 
b u t 
and 
| |ST(x )-TT(x )| |= | | l - T ( l - x ) | |= | | l - l | | - > 0 . 
| |TS(x ) -SS(x )| |= II (1-x ) - x | | = | | l - 2 x | | - > 0 , 
n n n n n 
a s x - > l / 2 . T h e r e f o r e , S and T a r e c o m p a t i b l e mappings 
n 
of type(A) but they are not compatible mappings. 
3.3 COMPATIBLE MAPPINGS OF TYPE (P) 
Here we discuss briefly the concept of compatible 
mappings of type{P) in normed space (X,||.||) along with 
an important result by Pathak et al.[60], which shows 
that compatible mappings, compatible mappings of type (A), 
and compatible mappings of type(P) are equivalent under 
suitable conditions. 
DEFINITION 3.3.1 ([60]). Let S,T: (X,||.j|)->(X, ||.||) be 
mappings S and T are said to be compatible mappings of 
type(P) if 
l i m ||SS(x ) -TT(x ) | |= 0 . 
n n 
n->>oo 
whenever {x } i s a sequence i n X such t h a t l im Sx =lim Tx =t 
n 
f o r some t i n X. 
" n->oD " n->aD " 
( 36 ) 
The following proposition shows that compatible 
mappings, compatible mappings of type(A) and compat-
ible mappings of type(P) are equivalent if both the 
involved maps are continuous. 
PROPOSITION 3.3.2 ([60]). Let S,T: (X,||.||)^ (X,||.||) be 
continuous mappings. Then the following are equivalent: 
(i) S and T are compatible mappings, 
(ii)S and T are compatible mappings of type (A) , 
(iii)S and T are compatible mappings of type(P). 
PROOF. (i)<:*(ii) it is immediate, from Proposition 3.2.3 
(ii)<=>{iii) Let {x } be a sequence in X such that 
n 
l im Sx =lim Tx = t 
n->oo n n->oo " 
f o r some t i n X. 
Since S and T are continuous, we have 
lim SSx =lim STx =St and lim TTx =lim TSx =Tt. 
n—>oo " n—>oo " n->oo " n—>oo " 
Suppose that S and T are compatible mappings of 
type (A). Assume without loss of generality, that S is 
continuous. We then have. 
||SS(x ) - T T ( x )||<||SS(x ) -ST(x )|| + ||ST(x ) - T T ( x )||, 
n n n n n n 
and so, since S and T are compatible of type (A), we 
have 
l i m | |SS(x ) - T S ( x ) ||=0 and l i m | |ST(x ) - T T ( x ) | | = 0 . 
n—>oo " " n->oo " " 
So, it follows that 
l i m llSS(x ) - T T ( x ) |1 = 0 . 
n—>oo " " 
( 37 ) 
Therefore, S and T are compatible mappings of type{P) . 
Conversely, suppose that S and T are compatible 
mappings of type(P), then we have 
l i m ||SS(x ) - T T ( x )| | = 0 
n->oo " ^ 
By triangle inequality, we have 
| |SS(x ) - T S ( x ) | |< | |SS(x ) - T T ( x )|| + | |TT(x ) - T S ( x )| | . 
n n — • n n n n 
Taking n->oo, since S and T are compatible mappings of 
type(P) and T is continuous, we have 
l i m | |SS(x ) - T S { x ) || = 0 
n—>oo " " 
Similarly, one gets 
lim ||TT{x )-ST(x ) || = 0. 
n—>oo " " 
Therefore, S and T are compatible of type (A) if and 
only if they are compatible of type(P). 
(iii)<::i>(i) Suppose that S and T are compatible. Then we 
have 
lim II ST (X )-TS{x )||=0. 
n-»oo " n 
By triangle inequality, we get 
| |SS(x ) - T T ( x ) | |< | |SS(x ) - S T ( x ) || + | IST(x ) - T T { x )|| 
n n ' — " n n " ' n n " 
<| |SS(x ) - S T ( x ) | |+ ||ST(x ) - T S ( x )||+ 
n n n n 
||TS(x )-TT(x )||, 
n n 
Taking n-^oo, since S and T are compatible and continuous, 
we get 
l im| |SS(x )-TT(x )| |=0. 
n->oo " " 
Thus, S and T are compatible of type(P) . 
C o n v e r s e l y , s u p p o s e t h a t S and T a r e c o m p a t i b l e 
( 38 ) 
mappings of t y p e ( P ) ; i . e . , 
l im | |SS(x )-TT(x )|| = 0 . 
n->oo 
By t r i a n g l e i n e q u a l i t y , we have 
|IST(x )-TS(x )||< ||ST{x )-SS(x )||+||SS(x ) -TT(x )||+||TT(x )-TS(x )|| 
n n^— n n n n n n 
Therefore, by the continuity of S and T and Definition 
3.3.1 it follows that lim ||ST(x )-TS(x )||=0. Which implies 
n—>oo " n 
that S and T are compatible mappings. This completes 
the proof. 
3.4 COMPATIBLE MAPPINGS OF TYPE (B) 
This section deals with the concept of compatible 
mappings of type(B) in normed space (X,||.||), and its 
comparison with compatible mappings and compatible 
mappings of type(A), as introduced and compared in 
Pathak and Khan [61]. Several useful examples are also 
provided for the validity of the assertions involved, 
DEFINITION 3.4 .1( [ 61 ] ) . Let S and T be mappings from 
a normed space (X,||.||) into itself. The mappings S and 
T are said to be compatible of type(B) if 
l i m ||ST (X ) -TT (x ) II < H [ l i m ||ST (x ) - S T | + l i m | | S t -SS (x ) ||] 
n— 0^0 " " n—>oo " n—>oo " 
and 
l i m ||TS(x ) -SS(x )|| < H [ l i m jjTS (x ) -Tt | |+ l i m ||Tt-TT (x )||] 
n—>oo " " n—>oo " n—¥oo " 
whenever {x } i s a sequence i n X such t h a t l im Sx =l im Tx =t 
" n->cjo " n—>oo " 
f o r some t i n X. 
The following result due to Pathak and Khan [61] 
(39 ) 
shows that compatible mappings, compatible mappings of 
type (A) and compatible mappings of type(B) are equivalent 
under a suitably restricted conditions. 
PROPOSITION 3.4.2 ([61]). Let S and T be continuous 
mappings from a normed space (X,||.||) into itself. Then 
the following are equivalent: 
(i) S and T are compatible mappings, 
(ii) S and T are compatible mappings of type (A), 
{iii)S and T are compatible mappings of type(B). 
PROOF. (i)<=>(ii) it is imnediate in view of Proposition 3.2.3 
(ii)<=>(iii) Let {x } be a sequence in X such that 
n 
l i m Sx = l im Tx = t 
n->oo " n->oo " 
f o r some t i n X. 
Since S and T are continuous, we have 
lim TTx =lim TSx =Tt and lim SSx =lim STx=St. 
n-^c3o " n->oo " n->oo " n->oo " 
Now, suppose that S and T are compatible mappings of 
type(A), then we have 
0=l im | |ST(x ) -TT(x ) || < i i [ l im | |ST(x ) - S t | | + l i m | | S t - S S ( x ) ||] 
n->oo " " n^oo " n->oo " 
and 
0=l im| |TS(x ) - S S ( x ) || < H[ l im | |TS(x ) -T t | |+ l im | |T t -TT(x )||] 
n->oo " " n^oo " n->oo " 
Therefore, S and T are compatible mappings of type(B). 
Conversely, suppose that S and T are compatible 
mappings of type(B). Since S is continuous, we have 
( 40 ) 
l i m | |ST(x ) -TT{x ) || < ^ [ l i i n | | S T { x ) - S t | | + l i m | | S t -SS(x )||] 
n->oo " " n-^ Qo " n->oo " 
= | |St-St | l = 0 
and s o 
l im| |ST(x ) -TT(x ) || = 0 
n-*oo 
Similarly, for T continuous, we get 
l im | |TS(x ) - S S ( x ) | |< H[lim ||TS(x ) - T t | | + l i m | | T t - T T (x )||] 
n->co " " n->oo " n-^oo " 
= | |T t -T t | |=0 
and so 
l i m ||TS(x ) - S S ( x ) | |=0. 
n->oo " " 
Therefore, S and T are compatible mappings of type (A) . 
So we conclude that S and T are compatible mappings of 
type (A) if and only if they are compatible mappings of 
type(B). 
(iii)<::>(i) Suppose that S and T are compatible mappings 
of type(B),then we have by triangle inequality 
||ST(x ) - T S ( x )||< ||ST(x ) - T T ( x )|| + ||TT(x )-TS (x ) 11. 
n n n n n n 
Letting n-»oo and taking into account that S and T are 
continuous and compatible of type(B), we get 
l i m ||ST (X ) -TS (x ) ||< l i m ||ST (x ) -TT (x ) | |+lim ||TT (x ) -TS (x ) || 
n->oo " " ~ n-XX) " " n^oo 
< ^ [ l i m ||ST(x ) - S t | | + l i m | |St-SS{x ) ||+ 
n->oo " n->ao " 
l i m ||TT(x ) -TS(x )||] < 0 
n->oo , , " " 
Therefore, S and T are compatible. 
Conversely suppose that S and T are compatible. 
(41 ) 
Since S and T are continuous, we have 
l i m | | S T ( x ) - T T ( x ) || = l i m | |SS(x ) - T S { x ) | | = | | S t -T t | | 
n->oo " " n-x» " n 
= l i m ||ST(x ) -TS(x ) || = 0 
n->oo " ^ 
0=lim ||ST(x ) -TT{x ) | |<lt[lim.| |ST(x ) - S t | | + l i m | |S t -SS (x )||] 
n->oo " "^  ~ n-xx) " n->oo " 
0=lim ||TS(x ) - S S ( x ) | |<^[ l im| |TS (x ) - T t | | + l i m | |Tt-TT(x )||] 
n->oo n " ~ n-XJO " n->oo " 
Therefore, S and T are compatible mappings of type(B) 
if and only if they are compatible mappings. This 
completes the proof. 
However, validity of Proposition 3.4.2 depends on 
the continuity of S and T, which is evident from the 
following examples. 
EXAMPLE 3.4.3 ([61]). Let X=R, the set of all real 
numbers, with the Euclidean norm ||.||. Define S and 
T:X->X as follows: 
'1/x* if X9t0 n/x^ if X9t0 
S(x) = '\ and T(x)= • 
1 if x=0 12 if x=0. 
Then S and T are not continuous at t=0. 
Now consider a sequence {x } in X defined by x =n, 
n n 
n = l , 2 . . . . Then f o r n->oo, we have 
1 1 
S ( x ) = — - -» t = 0 , T { x ) = — - -> t = 0 , 
n ' " n ' 
and 
l i m ||ST(x ) -TS(x ) ||=lim ||n®-n^||=0 . 
n->oo " " n->oo 
However, the following limits do not exist: 
8 4| l i m ||ST{x )-TT(x ) ||=lim | | n - n ||=oo, 
n->oo " " n-»oo 
( 42 ) 
16|| 
^ [ l i i n ||ST(x )-SO||+liin ||SO-SS(x )||]= ^ [ l i i n | |n- l | |+l im | | l -n l]=a> 
n->oo " n->oo " n->oo n^oo 
and 
l i m ||TS(x ) - S S ( x )| | = l i m ||n^-n^^|| = oo, 
n->oo " " n->oo 
^ [ l i m ||TS(x )-TO||+lim ||TO-TT(x )||] 
n->QO " n->ao " 
= l i [ l i m ||n^-2||+lim ||2-n*i|]=oo 
n->oo n->oo 
Therefore, S and T are compatible but they are neither 
compatible of type(A) nor compatible of type(B). 
BCRMELE 3.4.4 ([61]) .Let X=[0,6] with the Euclidean norm ||.||. 
Define S and T :X->X by 
[x if xe[0,3), 
-f xe[3,6] 
S(x)=j and T(x)=' 
16 i 
6-x if XG[0,3), 
.6 if xe[3,6]. 
Then S and T are not continuous at t=3. 
Now, we assert that S and T are not compatible but 
they are compatible of type(A) and hence compatible of 
type(B). 
To see this, suppose that {x }c{0,6} and that Sx ,Tx->t. 
n n n 
By definition of S and T, t6[3,6] . Since S and T agree 
on [3,6], we have only to consider t=3. So we can 
suppose that x->3 and that x <3 for all n. 
n n 
Then Tx =6-x ->3 from the right and Sx =x ->3 from the 
n n n n 
left. Thus, since x <3 and 6-x >3, for all n, 
n n 
||ST(x )-TS(x )||=||6-(6-x )||-»3 
n n n 
Further, we have 
( 43 ) 
l i m | |ST(x ) - T T ( x ) || = | | 6 - 6 | | - > 0 , 
n—>oo " " 
H[ l i r a ||ST(x ) -S3 | |+ l im ||S3-SS (x ) | | ]=ii[ | |6-6| |+| |6-x | | ] ^ 3 / 2 
n-Ko " n->oo " " 
and 
l i m ||TS{x ) - S S ( x )| | = [ | |(6-x ) -x | | ] -^0 , 
j^—^00 n n n n 
V i [ l i m | | T S ( x ) - T 3 | | + l i m | | T 3 - T T ( x ) | | ] 
n->oo " n->oo n 
= ^ [ | | ( 6 - x ) - 6 | H | 6 - 6 | | ] ^ 3 / 2 
n 
as x->3. Therefore, S and T are both conpatible mappings 
n 
of type (A) and compatible mappings of type(B) but they 
are not compatible. 
EXAMPLE 3.4.5 ([61]). Let X=[0,oo) with the Euclidean 
norm ||.||. Define S,T : X->X by 
'1+x if xe[0,l), 
S(x)H and T(x)=i 
.1 if X6 [1,00) 
1-x if xe[0,l), 
12 if xe [1,00) . 
Then S and T are not continuous at t=l. 
Now, we assert that S and T are neither compatible 
of type (A) nor compatible of type(B), but they are 
coitpatible. To verify this, we consider that {x }c[0,oo) 
n 
converges to zero, as we know from the definition of S 
and T, and that Sx ,Tx->t=l. Then Sx =l+x->1 from the 
n n n n 
right and Tx =l-x->1 from the left. Thus, since 1+x >1 
n n n 
and 1-x <1 for all n, 
n 
||ST(x )-TS(x )||= ||(2-x )-2||->0. n 
Further we have 
l i m | | S T ( x ) - T T ( x ) | | .= | | ( 2 - x ) - x | | - > 2 ^ 0 , 
n - > 0 0 n n n n 
( 44 ) 
i l [ l i m ||ST(x ) -S l | |+ l i m | | S l - S S ( x ) | | ] 
n->oo " n^oo " 
= ^ [ | | ( 2 - x j - l | | + | | l - l | | l - > v , 
and 
l i m l l T S (X ) - S S (X ) II = | | 2 - 1 | | = 1 ^ 0 , 
n-^oo 
^ [ l i i n ||TS(x ) -Tl | |+ l i m | |Tl-TT(x )||] =V$[||2-2||+||2-x || ] ^ 1 
n->oo " n-^oo 
as X ->0. Therefore, S and T are compatible but they are 
n 
n e i t h e r c o m p a t i b l e mappings of type(A) no r c o m p a t i b l e 
of t y p e ( B ) . 
EXRMELE 3 . 4 . 6 ( [ 6 1 ] ) . Let X=[0,2] with the Euclidean norm | . | . 
D e f i n e S and T : X->X by 
H+x i f x e [ 0 , H ) , 
S(x)= i 2 i f x=H, and T(x) = 
1 i f xe(H,2], 
•^-x i f x e [ 0 , H ) 
1 i f x=H, 
0 i f x e ( H , 2 ] , 
Then S and T a r e no t c o n t i n u o u s a t t=^. 
Now, suppose t h a t {x }Q[0,2] and t h a t Sx , T x - > t = l / 2 . By 
n n n 
d e f i n i t i o n of S and T, t € { l y 2 } . So we can suppose x - > 0 . 
Then Sx =lye+x -> 1/2 from t h e r i g h t and Tx =l /2-x -^1/2. 
n n n n 
from t h e l e f t A l so , 
||ST(x ) -TS(x )| | = | | ( l - x ) - 0 | | - > l 9 t 0 . 
n 
F u r t h e r , we have 
l i m | | S T ( x ) - T T ( x ) | | = l i m | | ( l - x ) - x | | = 1 , 
n->oo " " n->oo " " 
^ [ l i m | | S T { x ) - s m | + l i m j | S i l - S S ( x ) | | ] 
n->oo " n->oo " 
= ^ [ l i m | | ( l - x )-2| |+lim| | 2 - l | | ] = l 
n^oo " n->oo 
and 
l i m | | T S ( x ) - S S ( x ) | |= l i m | | 0 - 1 | | = 1 , 
n->oo " " n->oo 
(45 ) 
H[lim||TS{x )-TV$||+lim ||TV5-TT(X ) | | ] =Vi[lim||0-l | |+liin| | 1-X | | ] = 1 
n->oo " n-^oo " n->c» n->oo " 
Therefore, S and T are neither compataible mappings 
nor compatible mappings of type (A) but they are 
compatible mappings of type(B). 
3.5 COMPATIBLE MAPPINGS OF TYPE (C) 
The concept of compatible mappings of type(C) is most 
recently introduced by Pathak et al. [63] in the year 
1998. Here, we give a detailed description of this 
concept and shall discuss the relationship that exists 
between compatible mappings, compatible mappings of 
type(A), compatible mappings of type<B) and compatible 
mappings of type(C), as compared in Pathak et al. [63], 
along with some useful examples. 
DEFINITION 3.5.1 ( [63]) . Let S and T be mappings from 
a normed space (X,||.||) into itself. The mappings S and 
T are said to be compatible of type{C) if 
l i m ||ST (X ) -TT (X ) II < 1/3 [ l im ||ST (x ) - S t | | + l i m | |S t -SS (x ) ||+ 
n->oo " " n-^oo " n->oo " 
l im | |St-TT{x )| | ] 
n->oo " 
l i m ||TS (X ) -SS (X ) || < 1/3 [ l im ||TS (x ) -T t | | + l im ||Tt-TT (x ) ||+ 
n->oo " " n->oo " n->oo " 
l im ||SS(x ) - T t | | ] 
n->oo 
whenever {x } i s a sequence in X such t h a t l im Sx =lim T x = t . 
n->oo "n->oo " 
The f o l l o w i n g r e s u l t s p r o v i d e t h e i n t e r e s t i n g 
p r o p e r t i e s of c o m p a t i b l e mappings of type(C) a s d i s c u s s e d 
( 46 ) 
i n P a t h a k e t a l . [ 6 3 ] . 
PROPOSITION 3 . 5 . 2 ( [ 6 3 ] ) . Let S and T be c o n p a t i b l e 
mappings of t y p e ( c ) from a normed space (X,||.||) i n t o i t s e l f . 
Suppose 
that lim Sx =lim Tx =t for some teX. Then we have the 
n-»oo " n->oo " 
following: 
( i ) l i m TTx =St i f S i s c o n t i n u o u s a t t , 
n->oo " 
( i i ) l i m SSx =Tt i f T i s c p n t i n u o u s a t t , 
n^oo " 
{ i i i )STt=TSt and St=Tt i f S and T a r e cont inuous a t t . 
PROOF, ( i ) Suppose t h a t S i s c o n t i n u o u s a t t . S i n c e 
l i m Sx = l i m Tx = t f o r some t e X , we h a v e l i m SSx = 
n->oo " n->oo " n->c3o " 
l i m S T x = S t . S i n c e S and T a r e c o m p a t i b l e mapp ings of 
n-^oo ^ 
t y p e ( C ) , we have 
l im | |St-TT{x) | | 
n->oo " 
= l im ||ST(x )-TT{x ) || 
n->oo " " 
< 1/3 [ l im ||ST(x )-St | | + l im ||St-SS(x )|| + 
n->oo " n->oo '' 
l i m | |S t -TT(x )| | ] 
n->oo " 
and s o 
2/3 lim ||St-TT (X ) 11=0. Therefore, lim TTx =St. 
n->QO " n-^ oo " 
(ii) Next, suppose that T is continuous at t. Then for 
some teX, we have 
l i m TSx = l i m TTx =Tt . 
n->Qo " n->oo " 
( 47 ) 
S i n c e S and T a r e cojt ipat ible mappings of t y p e { C ) , 
we g e t 
l i m | |T t -SS(x ) | | 
n->oo " 
= l i m ||TS{x ) -SS(x )|| 
n-^oo 
< 1/3 [ l i m ||TS(x ) - T t | | + l i m | |Tt -TT(x ) || + 
n - K o " n-^QO " 
l i m ||SS(x ) - T t | | ] 
n->oo 
and s o 
2 / 3 l i m | |T t -SS(x )| |=0. T h e r e f o r e , l i m S S x = T t . 
n->oo " n-^oo " 
( i i i ) Suppose t h a t S and T a r e c o n t i n u o u s a t t . S ince 
l im Sx = l im Tx = t fo r some t in X, by P r o p o s i t i o n 3 . 5 . 2 ( i ) 
n->oo " n->oo " 
l im TTx =St. On the other hand, since T i s also continuous at t , 
n-»oo n 
l im TTx =Tt, we have St=Tt by the un iqueness of t h e l i m i t , 
n^oo " 
N e x t , s u p p o s e t h a t {y } i s a s e q u e n c e i n X d e f i n e d 
n 
by y = t , ( n = l , 2 , . . . ) and S t=Tt . Then we have 
n 
l i m By =l im Ty =St (=y. Say) . 
n->Qo " n-»oo " 
S ince S and T a r e compatible mappings of t y p e ( C ) , we g e t 
| |STt-TTt | |< l i m ||ST(y )-TT(y )|| 
~ n->oo " " 
< l / 3 [ l i m ||ST(y )-Sy ||+lim ||Sy-SS(y )||+lim ||Sy-TT(y )||] 
n-^oo " n-^oo " n->oo " 
= 1 / 3 [ | |SSt-SSt| |+| |SSt-SSt| |+| |STt-TTt| |] , 
which i m p l i e s t h a t 
2/3 | |STt-TTt | |>0 
and so STt=TTt . S i m i l a r l y , we have TSt=SST. But Tt=St 
(48 ) 
implies TTt=TSt. Therefore, STt=TSt. This completes 
the proof. 
The following proposition due to Pathak et al. [63] 
shows that compatible mappings, compatible mappings of 
type(A), compatible mappings of type(B) and compatible 
mappings of type(C) are equivalent if both the involved 
maps .are continuous. 
PROPOSITION 3.5.3 {[63]). Let S and T be continuous 
mappings from a normed space (X,||.||) into itself. Then 
the following are equivalent: 
(i) S and T are compatible mappings, 
(ii) S and T are compatible mappings of type (A), 
(iii)S and T are compatible mappings of type(B), 
(iv) S and T are compatible mappings of type{C). 
PROOF. (i)<^ (ii) it is immediate, from Proposition 3.2.3. 
(ii)<=>(iii) it is immediate, from Proposition 3.4.2. 
{iii)<=>(iv) Let {x } be a sequence in X such that 
n 
lim Sx =lim Tx =t for some teT. Since S and T are continuous, 
n-)>oo " n 
we have 
^ ->oo " 
lim SSx =St=lim STx and lim TSx =Tt=lim TTx 
n->oo " n->oo " n-^ oo " n->oo " 
Now suppose that S and T are compatible mappings of 
type(C). Then we have 
l i m ||ST{x ) -TT(x ) | | < l / 3 [ l i m ||ST(x ) -S t | | + l im | | S t -SS(x ) ||+ 
n-^oo " " n-^oo " n^oo 
l i m | |St-TT(x )||] 
n->oo 
( 49 ) 
< l / 3 [ l i i n ||ST{x ) -S t | | + l im | |S t -SS(x ) ||+ 
n->oo " n->oo " 
l i m | | S t - S T ( x ) | |+li in ||STx -TTx ||] 
n->oo " n->oo 
= l / 3 [ l i m | | S T ( x ) - S t | | + l i m | | S t - S S ( x ) | |+lim ||ST (x ) - T T ( x ) | | ] , 
n-»>oo " n->oo " n-^oo " 
which i m p l i e s t h a t 
l i m | | S T ( x ) - T T ( x ) | |<^ [ l im | |ST (x ) - S t | | + l i m | | S t - S S (x ) | | ] , 
n->oo '^ "" n->oo " n-»c3o '^  
S i m i l a r l y , one g e t s 
l i m | | T S ( x ) - S S ( x ) | | < ^ [ l i m | | T S ( x ) - T t | | + l im | |T t -TT (x ) | | ] . 
n->oo " "^  ~ n->oo " " n->oo 
T h e r e f o r e , S and T a r e c o m p a t i b l e mappings of t y p e ( B ) . 
C o n v e r s e l y , suppose t h a t S and T a r e c o m p a t i b l e 
mappings of t y p e ( B ) . S i n c e S and T a r e c o n t i n u o u s . We 
have t h e f o l l o w i n g e q u i v a l e n t i n e q u a l i t i e s . 
l im | |ST(x ) -TT(x ) | |< i /2 [ l im ||ST{x ) - S t | | + l i m | |St-SS (x )||] 
n->oo " " n^oo " n->oo " 
2 / 3 l im ||ST(x )-TT(x ) | |<l /3 [lim||ST(x )-St | |+l im| |St-SS(x )||]. 
n->oo " " n->oo " n->oo " 
l im| |ST(x ) -TT(x ) | | < l / 3 [limI|ST (x ) -S t | |+ l im | |S t -SS (x ) ||+ 
n->oo " " n->oo " n-^oo " 
l im| |ST{x )-TT{x )||] 
n-^oo 
lim||ST{x ) -TT(x ) | | < l / 3 [lim||ST (x ) -S t | |+ l im | |S t -SS (x ) ||+ 
n->oo " " n->oo " n->Qo " 
l i m | | S t - T T ( x )||] 
n->oo 
and 
l im| |TS(x ) - S S ( x ) | |<l /2 [lim||TS (x ) -Tt | |+ l im| |Tt -TT (x ) | | ] , 
n-^oo " " n-»oo " n->oo " 
2/31im|lTS(x )-SS (x ) | |< l /3 [lim||TS (x )-Tt| |+liml|Tt-TT(x )1|] 
n->oo " " n->oo " n-^oo " 
( 50 ) 
l im| |TS(x ) -SS{x ) | | < l / 3 [ l i m | | T S ( x ) -T t | | + l im| |Tt-TT (x ) ||]+ 
n->oo " " n->oo " n->oo " 
lim| |TS(x ) -SS(x )||] 
n->oo 
liml|TS{x ) - S S ( x ) | | < l / 3 [lim||TS (x ) -T t | | + l i in| lTt-TT (x )||]+ 
n->oo " " n->oo " n^oo " 
l im | |T t -SS(x )||] . 
n-^oo 
T h e r e f o r e , S and T a r e c o m p a t i b l e mappings of t y p e ( C ) . 
So we c o n c l u d e t h a t S and T a r e c o m p a t i b l e mappings of 
t y p e (B) i f and o n l y i f t h e y a r e c o m p a t i b l e mappings of 
t y p e ( C ) . Which i m p l i e s t h a t ( i i i ) O ( i v ) . 
(iv)<:>(i) Let S and T be compat ible mappings of type (C), 
and l e t {x } be a s equence . i n X such t h a t l im Sx =l im Tx =t 
" n->oo " n->oo " 
f o r some t i n X. By P r o p o s i t i o n 3 . 5 . 2 ( i ) and c o n t i n u i t y 
of mappings S and T, we have 
l i m | | S T ( x ) - T S ( x ) || = | | S t - T t | | = l im| |TT (x ) - T t | | = 0 , 
n—>oo " " n->oo n 
which means that S and T are compatible mappings. To 
prove the converse, it is enough to notice that left-
hand sides in the inequalities defining compatible 
mappings of type (C) vanish because of continuity and 
compatibility,i.e., 
l i m ||ST(x ) -TT(x )| | = l i m ||TS{x ) - S S ( x ) || = | | S t -T t | | 
n—>oo " " n—>oo " " 
= l i m | |ST(x ) - T S { x ) | | = 0 . 
n—>oo " " 
So that S and T are coirpatible mappings of type(C). 
Therefore, S and T are compatible mappings of type(C) 
if and only if they are compatible mappings. Which 
( 51 ) 
implies that (iv)<=>{i). 
The following examples show that Proposition 3.5.3 
is not true if S and T are not continuous. 
EXAMPLE 3.5.4 ([63]). Let X=[0,oo)be with the absolute 
value metric. Define mappings S,T:X^X by 
S(x)= ' 
H+x if x€[0,^), (H-x if xe[0,H) 
1 if x=^, and T(x)= i^ if x=H, 
. 0 if xe(^,oo), [l if xe(^,oo). 
Then S and T are not continuous at t=l/2. Now, S and 
T are compatible mappings, but they are neither 
compatible mappings of type(A) nor compatible mappings 
of type(B) nor compatible mappings of type(C). For 
this purpose let us suppose that (x } is a sequence in 
n 
X such that Sx ,Tx->teX. By definition of S and T, we 
n n 
have te{l/2}. So we can suppose that x->0. Then 
n 
Sx =i/2+x ->l/2 from the right and Tx =l/2-x ^ 1/2 from 
n n n n 
t h e l e f t . Thus, we have 
lim |ST(x )-TS{x )|= l im | l -x -1 |= 0 
n^oo " " n->oo 
and the pair {S,T} is compatible mappings. 
On the other hand, we have 
lim |ST(x )-TT(x )|= lim |l-x -x |= 1 9t 0, 3.5.4.1 
n^oo " " n^oo " " 
and 
lim I TS(x )-SS(x )|< lim | 1-0 |= 1 ^t 0, 3.5.4.2 
n->oo " " n->oo 
which implies that the pair {S,T} is not compatible 
mappings of type(A). Further, we have 
( 52 ) 
1/2[ liiti |ST(x)-St|+liin|St-SS(x)|] = [ l i j n | l - x - l | + l i i t i | l - 0 | ] = l / 2 
n-^oo " n-^oo " n-»oo " n-^oo 
— 3 . 5 . 4 . 3 
1/2 [lim [rS(x )-Tt |+ liiti frt-TT{x ) | ] 
= l / 2 [ l i m | l - l / 2 | ] + l i m | l / 2 - x | ] = l / 2 
n->oo n->oo 
—3.5 .4 .4 
1/3 [ l im |ST{x ) - S t | + l im |S t -SS(x ) |+ l im |St-TT(x ) | ] 
" " n 
3 . 5 . 4 . 5 
n->cx)  n->oo  n->oo 
= l / 3 [ l i j n | l - x - l | + l i m | l -0 |+ l im | l - ( x ) | ] = 2 / 3 
n->oo " n->oo n-»oo " 
1/3 [ l im |TS(x ) -T t | + l im | T t - T T ( x ) | + l i m |Tt -SS(x ) |] 
n^oo " n->oo " n->oo " 
— 3 . 5 . 4 . 6 
=1/3[lim |l-l/2|+lim |l/2-x |+lim 11/2-0|] 
n^oo n->oo " n->oo 
=1/3 [1/2+1/2+1/2] = 1/2 
Therefore, from the pairs (3.5.4.1), (3.5.4.3) and 
(3.5.4.2), (3.5.4.4), it follows that the pair {S,T} is 
not compatible mappings of type(B). Further, from the 
pairs (3.5.4.1), (3.5.4.5) and (3.5.4 .2), (3.5.4.6), it 
follows that the pair {S,T} is also not compatible 
mappings of type(C). 
EXAMPLE 3.5.5 ( [63]) . Let X=[0,oo) be with the absolute 
value metric. Define mappings S,T:X -> X by 
S(X): 
' ii+x if xe[0,H) , 
2 if x=H, and T(x)= ' 
. 1 if xe (^ ,00) , 
{H-x if XG[0,^) 
1 if x=v$, 
to if XG (^ ,00) 
( 53 ) 
Then S and T are not continuous at t=l/2. Now, we 
assert that S and T are compatible mappings of type(B), 
but they are neither compatible mappings nor compatible 
mappings of type (A) nor compatible mappings of type(C) . 
For that let us suppose that {x } is a sequence in X 
n 
such tha t Sx ,Tx->teX. By d e f i n i t i o n of S and T, t e{ l /2} . 
n n 
So we can suppose x->0. Then Sx =l/2+x-)>l/2 from the 
n n n 
right and Tx =l/2-x->l/2 from the left. Thus, we have 
n n 
l i m |ST(x ) - TT(x ) I ?t 0, 3 . 5 . 5 . 1 
n->oo 
l i m |TS(x ) - SS(x ) I ?t 0 , 3 . 5 . 5 . 2 
n->oo 
and so pair {S,T} is not compatible mappings of type (A) , 
On the other hand, we have 
l i m |ST(x ) - TS(x ) I 9t 0, 3 . 5 . 5 . 3 
n->oo 
and so t h e p a i r {S,T} i s n o t c o m p a t i b l e m a p p i n g s . 
F u r t h e r , a l s o we have 
1/2 [ l i m |ST(x ) - S t | ] + l i m | S t - S S ( x ) | ] = 1 , — 3 . 5 . 5 . 4 
n-^oo " n-^oo " 
1/2 [ l im |TS(x ) - T t | + l i m |Tt -TT(x ) | ] = 1 , — 3 . 5 . 5 . 5 
n->oo " n->oo " 
1/3 [ l im | S T ( x J - S t n + l i m |St -SS(xJ |+l im |St-Tr(x )|]= 4/3 
— 3 . 5 . 5 . 6 
n->oo " n->oo " n->oo 
1/3 [ l im |TS(x ) - T t ] + l im |Tt-TT(x )| + l im |Tt-SS(x ) | ]=2/3 
— 3 . 5 . 5 . 7 
n->oo " n->oo " n->oo " 
Therefore , from t h e p a i r s ( 3 . 5 . 5 . 1 ) , (3 .5 .5 .4 ) and ( 3 . 5 . 5 . 2 ) , 
{ 54 ) 
( 3 . 5 . 5 . 5 . ) , i t follows tha t the pa i r {S,T} i s compatible 
m a p p i n g s of t y p e ( B ) . F u r t h e r , from t h e p a i r s 
( 3 . 5 . 5 . 1 ) , ( 3 . 5 . 5 . 6 ) and ( 3 . 5 . 5 . 2 ) , ( 3 . 5 . 5 . 7 ) , i t follows 
t h a t the p a i r {S,T} i s not compatible mappings of type (C). 
Example 3 . 5 . 6 ( [ 6 3 ] ) . Let X=[0,QO) with t he abso lu te 
va lue m e t r i c . Define mappings S,T:X->X by 
1+x i f x € [ 0 , 1 ) , 
S(x)='i 4 i f x = l , and T(x) = 
1 i f x€ (1,00) , 
l-x if X6[0,l) 
3 if x=l, 
. 1 if X€ (1,00) . 
Then S and T are not continuous at t=l. Now, we 
assert that S and T are compatible mappings of type(B) 
and compatible mappings of type(C), but they are neither 
compatible mappings nor compatible mappings of type (A) . 
For that let us suppose that {x } is a sequence in 
n 
X such that Sx,Tx->t6X. By definition of S and T, 
n n 
t G { l } . So we can suppose x ->0 . Then Sx =l+x->1 from 
n n n 
the right and Tx =l-x->1 from the left. Thus, we have 
n n 
lim |ST(x )-TS(x ) I ^  0 
n—>oo " " 
and so the pair {S,T} is not compatible mappings. Also, 
we have 
lim |ST(x )-TT(x ) | =2*0, 3.5.6.1 
n->oo 
lim |TS{x )-SS(x ) | = 1 ?t 0, 3.5.6.2 
n->oo 
which implies that the pair {S,T} is not compatible 
mappings of type (A). On the other hand, we have 
l/2[lim |ST(x )-St|+lim |St-SS(x )|]=3, —3.5.6.3 
n->oo " n->oo " 
(55) ^^V 0 3 - 3 2 2 ^ ^ , ; ^ ^ 
1/2 [ l i m |TS(x ) -T t |+ l im |Tt-TT(x ) |] = 5 / 2 ; " — 3 . 5 . 6 . 4 
1/3 [ l i m |ST(x ) -S t |+ l i in |S t -SS(x ) |+liin |St-TT(x ) I ] =10 /3 , 
n->oo " n->oo " n->oo " 
3.5.6.5 
1/3 [ l i m |TS (X ) -T t |+ l im |Tt-TT (x ) |+lijn fTt-SS (x ) | ] =8 /3 . 
n->oo " n->oo " n->oo " 
— 3 . 5 . 6 . 6 
Therefore, from the pairs (3.5.6.1), (3.5.6.3) and 
(3.5.6.2), (3.5.6.4), it follows that the pair {S,T} 
is compatible mappings of type(B) . Also, from the pairs 
(3.5.6.1), (3.5.6.5) and (3.5.6.2), (3.5.6.6.), it 
follows that the pair {S,T} is compatible mappings of 
type(C). 
EXAMPLE 3.5.7 { [63] ) . Let X=[0,oo) be with the absolute 
value metric. Define mappings S,T:X->X by 
r 1+x if xe[0,l), n-x if x€[0,l) 
S(x)='^  3 if x=l, and T(x)= S^ if x=l, 
I 5 if xe(l,oo), [3 ifxe(l,oo). 
Then S and T are not continuous at t=l. Now, we 
assert that S and T are compatible mappings of 
type(C),but they are neither compatible mappings nor 
compatible mappings of type (A) nor coitpatible of tye(B) . 
For that purpose let us suppose that {x } is a 
n 
sequence in X such that Sx ,Tx ->teX. By definition of 
n n 
S and T, t e { l } . So we can suppose x ->0 . Then Sx =l+x ->1 
n n n 
from the right and Tx =l-x->1 from the left. Thus we 
n n 
have 
( 56 ) 
lim |ST{x )-TS(x )|= l?tO, 
n->oo 
and so the pair {S,T} is not compatible mappings. Also, 
we have 
lim |ST(x )-TT(x )|= 29^ 0, —3.5.7.1 
n->oo 
lim |TS(x )-SS(x )|= 2^0, —3.5.7.2 
n-^ oo 
which implies that the pair {S,T} is not compatible 
mappings of type (A). Further, we have 
1/2 [l im |ST(x ) -S t |+ l im |St-SS(x ) | ]=3/2 , — 3 . 5 . 7 . 3 
n->oo " n->oo " 
1/2 [l im |TS(x ) -T t |+ l im |Tt-TT(x ) | ]=3 /2 . — 3 . 5 . 7 . 4 
n->oo " n->Qo " 
Thus, from the p a i r s ( 3 . 5 . 7 . 1 ) , (3 .5 .7 .3 ) and ( 3 . 5 . 7 . 2 ) , 
( 3 . 5 . 7 . 4 ) , i t fol lows t h a t t h e p a i r {S,T} i s no t 
compatibe mappings of type (B). 
On t h e o t h e r hand, we have 
l /3[l im|ST(x )-St|+lim|St-SS(x )|+lim |St-TT(x )|]=2, - 3 . 5 . 7 . 5 
n 
n->oo n->oo n->oo 
1/3 [lim frs (X ) -Ttl+lim frt-TT (x ) |+lim fTt-SS (x ) |] =5/2, - 3 . 5 . 7 . 6 
n->oo " n->oo " n->oo " 
which imply, from the pairs (3.5.7.1), (3.5.7.5) and 
(3.5.7.2), (3.5.7.6), that the pair {S,T} is compatible 
mappings of type(c). 
3.6 A COMMON FIXED POINT THEOREM 
Unlike Chapter I and II, here we opt to present a 
Gregus type recent fixed point theorem, using the concept 
of compatible mappings of type(C) in Banach spaces, 
due to Pathak et al.[63]. But firstly, we derive some 
( 57 ) 
results which are later useful for the proof of Theorem 
3.6.4. For this we need the following notations. 
Let R^ 'be the set of non-negative real numbers and 
T the family of mappings <|> from R* into R* enjoying the 
following properties: 
(i') (|>is upper semi-continuous, 
(ii') , (|> is non-decreasing in each co-ordinate variable 
(iii') (|>(t)<t for any t>0. 
Let A,B,S and T be mappings from a normed space 
(X,||.||) into itself such that 
(iv) A(X)cT(X) and B(X)cS(X), 
(V) ||Ax-By|f< «|)(a | |Sx-Tyf+(l-a) max{a||Sx-Ax||% P||Ty-By|f, 
||Sx-Ax|r'^. ||Ty-Ax||^^^, ||Ty-Ax|r^^. ||Sx-By|r^^. 
l/2[||Sx-Ax|f + llTy-BylH}) 
for a l l x ,y , i n X, where 0<a<l, 0<a,B<l ,P>l and <j>G .^ 
where (|) s a t i s f i e s ( i ' ) , ( i i ' ) and ( i i i ' ) -
Since ( i v ' ) holds one can c o n s t r u c t a sequence (y } as 
n 
fo l lows : 
y = Tx = Ax 
•• 2n 2n+l 2n 
y = Sx = Bx 
2n+l 2n+2 2n+l 
for n=0,l,2 
Let A, B, S and T be mappings from a normed space 
(X, ||.||)into itself satisfying the conditions (iv* ) and 
(v' ). Then we record the following useful results for 
future use: 
( 58 ) 
LEMMA 3 . 6 . 1 [ (75) ] . For any t > 0 , <|)(t)<t i f and o n l y i f 
l im <(>"(t)=0, where <()" deno tes t h e n - t i m e s c o n p o s i t i o n of <j). 
n->oo 
LEMMA 3 . 6 . 2 ( [ 6 4 ] ) . l i m | | y - y | |=0 , where {y } i s a 
—^—————— n—>oo ^ ""^ ^ " 
s e q u e n c e i n X d e f i n e d by ( v i ' ) . 
PROOF. By ( v ' ) and ( v i ' ) / we h a v e 
||y - y If = ||Ax -Bx f 
"-'2n •'2n+l" "^  2n 2n+l" 
< (j>(a IISx^^-Tx^^^jf +(l-a)max{a| |Sx^^-Axjf, 
P I | T ^ . r ^ - 2 n . l ^ l l S - a n - ^ - j r " - l | T ^ „ . r ^ 2 j l " ' 
l|y - y ir < <t>(a||y -y f + d - a ) inax{a||y -y f ,P | |y -y f, 
"•'Zn •'2n+l" — ^ ' "• '2n- l "^  2n" "- '2n- l -^211" ^ " • ' 2 n "'2n+l" 
llP/2 II.. . . iiP/2 11.. . . .,P/2 11 . i,P/2 
/ 
I f |y -y |l>ly -y Bin t h e above i n e q u a l i t y , then we have 
2n 2n+l 2n-l 2n 
lly - y i r< <t>(a||y -y f + d - a ) max {a ||y -y 11% 
"•'2n • '2n+l" — T ^ "-'211 - '2n+l" ' "-^ 211 • '2n+l" 
which is a contradiction. Thus, we have 
lly -y ir<<l>(l|y - y f ) . 
"-'2n - '2n+l" — ^ "- '2n- l "^  2n" 
Similarly, we have 
But this follows that 
K- ^nJ^ ^^K ryp^ < <|)"(llyo-y/)' 
n n+1 — n-1 n — — 0 1 
and so from Lemma 3.6.1, we have 
lim lly„-yJI=o. 
( 59 ) 
LEMM21 3.6.3 ([63]). The sequence (y } defined by (vi') 
is a Cauchy sequence in X. 
PROOF. By virtue of Lemma 3.6.2, it is sufficient to 
show that (y } is a Cauchy sequence in X. Suppose to 
2n 
the contrary that there is an e>0 such that for each 
even ineger 2k, there exist even integers 2m(k) and 
2n(k) with 2m(k) >2n (k) > .2k such that 
||y -y I  >e —3.6.3.1 
For each even integer 2k, let 2m(k) be the least even 
integer exceeding 2n(k) satisfying (3.6.3.1), that is, 
I  y -y I  < e and || y -y ||>e —3.6.3.2 
" -'2n{k) •'2in(k)-2"— " •'2n{k) •'2m(k)" 
Then, for each even integer 2k, we have 
e<|| y - y ll< II y -y ll+ll y -y || 
" -'2n(k) - ' 2 m ( k ) " — " "'2n(k) •'2m(k)-2 " " •'2in(k)-2 •'2in(k)-l" 
+ II y - y II • 
" •'2m(k)-l •'2in(k)" 
It follows from Lemma 3.6.2 and equation (3.6.3.2) 
that, as k->oo, 
II y -y II -> 6 — 3 . 6 . 3 . 3 
" •'2n{k) •'2m(k)" 
By the triangle inequality, we have 
lly - y II-II y -y ll< II y -y II 
"-'2n(k) - ' 2 m ( k ) - l " " - '2n(k) - '2in(k)"— " • '2in(k)- l - '2in(k)" 
and 
Kv _ v II-11 V - V II < iiv - V ll + llv - V II 
"• '2n(k)+l - ' 2 m ( k ) - l " " ' '2n(k) • '2m(k)"— "-'2m(k)-l "'2m(k)" "-'2n(k) • ' 2 n (k )+ l " ' 
From Lemma 3 . 6 . 2 and e q u a t i o n ( 3 . 6 . 3 . 3 ) , i t f o l l o w s 
t h a t , a s k->oo, 
||y - y II ^ e and ||y - y | | ^ e - 3 . 6 . 3 . 4 
"•'2nlk) • ' 2 m ( k ) - l " "•'2n(k)+l - ' 2m(k) - l" 
1/p 
(60 ) 
T h e r e f o r e , by ( v ' ) and ( v i ' ) / we have 
lly - y II < lly - y 1+ li^x - B X || 
"•'2n(lc) •'2m(k)" " "•'2n(k) • '2n(k)+l" "^  2m(k) 2n(k)+l" 
<lly - y 11+ <l>(a||y - y 11"+ 
— "•'2n(k) • '2n(k)+l" ^ "- '2m(k)-l • ' 2n(k)" 
tl-a)max{a|ly^_^^^^_^-y^,^,r, Pl ly,„,„-y,„,„Jf. 
lly -y ir.lly -y f'.lly -y f-
"•'2m(k)-l •'2iiv(k>" "-'2n(k) • '2»(k)" ' " • ' 2 n ( k ) -'2nv(k)" 
Ijy -y ir%^[||y -y iMly -y \U)) 
"• '2n(k)+l • '2 in(k) - l " '•"-'2m(k)-1 • 'anKk)" "• '2n(k) • '2n(k)+l" 
Since ^ e^, by Lemma 3.6.2, (3.6.3.3) and (3.6.3.4), 
we have as k->oo, 
€< [(j)(a€^ +(l-a)max {0, 0, 0, e% 0}^ ^^ ]<e, —3.6.3.5 
which is a contradiction. Therefore, {y } is a Cauchy 
sequence in X. This completes the proof. 
Now, we are in position to present the proof of a 
common fixed point theorem of Gregus type for four self 
mappings in Banch spaces, using the concept of compatible 
mappings of type(C) due to Pathak et al. [63]. 
THEOREM 3.6.4 ([63]). Let A, B, S and T be mappings 
from a Banach space (X,||.||) into itself satisfying the 
conditions (iv') and (v'). Suppose that one of A,B,S 
and T is continuous and the pairs {A,S} and {B,T} are 
compatible mappings of type(C) . Then A,B, S and T have 
a unique common fixed point in X. 
PROOF. Let {y } be the sequence in X defined by (vi' ) . 
By Lemma 3.6.3, {y } is a Cauchy sequence in X and 
n 
hence it converges to a point z in X. Consequently, 
subsequences {Ax }, {Bx }, {Sx } and {Tx } of {y } 
2n 2n+l 2n 2n+l n 
. ( 61 ) 
also converges to the point z. 
Now, suppose that A is continuous. Since A and S 
are compatible mappings of type(C), it follows from 
Proposition 3.5.2 that 
ASx -> Az and SSx -> Az as n->oo. 
2n 2n 
By (v*) we have. 
||ASx^^-Bx^^^jr< <|)(a||SSx^^-Tx^^^J|''+(l-a) max {a||SSx^^-ASxJ|% 
P/2 
/ BIlTx -Ex |r./| |SSx -ASx |^^^||Tx -ASx I 
*^" 2n+l 2n+l" ' " 2n 2n" " 2n+l 2n' 
||Tx -ASx i r ' ' . | | SSx -Ex | | '^%H[| |SSx -ASx || 
" 2n+l 2n" " 2n 2n+l" " 2n 2n" 
+ ||Tx -Ex f] } ) . 
2n+l 2n+l 
By l e t t i n g n->c3o i n t h e above i n e q u a l i t y , we have 
| |Az-zf< ( | ) (a | |Az-zf+( l -a) | |z-Azf) , 
i . e . , ||Az-z|f<||Az-z||^, which i s a c o n t r a d i c t i o n . Thus we 
have Az=z. 
S ince A(X)c T(X), t h e r e e x i s t s a p o i n t z ' € X such t h a t 
z = Az = Tz ' . 
A g a i n , by ( v ' ) # we have 
IJASx - E z ' f < <|)(a||SSx - T z ' f + ( l -a)max{a | |SSx -ASx f, 
PIlTz ' -Ez • 11% ||SSx^^-ASx j r ^ ^ . IITZ • "ASx J^^^, 
llTz'-ASxjr. ||SSx^ -^Ez • |r% 
il[||SSx^ -^ASxjf+||Tz'-Bz'|r] }) . 
By letting n->oo, since <|>e^ , we obtain 
||z-Bz'|f <<f)[(l-a)max{0,P||z-Bz'|f, 0,0, ||z-Ez ' if} ] 
< l|z-B2'ir, 
yielding thereby z=Bz'. Since E and T are compatible 
( 62 ) 
mappings of type(C) and Tz'=Bz'=z, by Proposition 3.5.2, 
TBz'=BTz' and hence Tz=TBz'=BTz'=Bz. 
Moreover by (2 ) , we have 
||Ax -Bzf < ()> (a||Sx^^-Tzf + (1-a) max {a||Sx^^-Ax J |^, 
P||Tz-Bz||% | | Sx^^ -AxJ r^ | |Tz -AxJ r^ | |Tz-AxJr^^ 
IISx -Bz|r% i.[||Sx - A x / + llTz-Bzlf] } ) . 
2n 2n 2n 
By l e t t i n g n->oo i n t h e above i n e q u a l i t y , we o b t a i n 
||z-Bzf< <|»(a||z-Bz||^+{l-a)max { 0 , 0 , 0 , )|z-Bz||%0}) 
< \\z-Bz\f, 
which means that z=Bz. Since B(X)cS(X), there exists a 
point Z " G X such that z=Bz=Sz". By using (v* ) / we have 
||Az"-zf= ||Az"-Bzf < <|)(a||Sz"-Tzf+(l-a)max{a||Sz"-Az"ir. 
P||Tz-Bzl|% | |Sz"-Az"r'. | |Tz-Az"|r% 
| |Tz-Az"|r ' . | |Sz"-Bz|r ' , 
il[||Sz"-Az"|r+||Tz-Bz|r]}) . 
< l|z-Az"||% 
so t h a t 
Az"=z. 
Since A and S are compatible mappings of type(C) and 
Az"=Sz"=z, we have 
SAz"=ASz" and hence Sz=SAz"=ASz"=Az. 
Therefore, we conclude that Az=Bz=Sz=z. That is, z is 
a common fixed point of A,B,S and T. Similarly, one can 
also have the proof of the same conclusion when B or T 
or S is continuous. 
If we put P=l in Theorem 3.6.4, then we have the 
( 63 ) 
following corollary: 
COROLLARY 3.6.5 ([63]). Let A,B,S and T be mappings 
from a Banach space (X,||.||) into itself satisfying 
(iv') and the following condition: 
||Ax-By||< <|>(a||Sx-Ty||+(l-a)max{a|iSx-Ax||, p||Ty-By||, 
||Sx-Ax||^^^ ||Ty-Ax||^^% ||Ty-Ax||^^^ l|Sx-By|r% 
Vi[||Sx-Ax|H|Ty-By||]}) , 
f o r a l l x , y i n X. where 0<a<l , 0<a, P<1 and ^ e^. 
Suppose t h a t one of A>B,S and T i s c o n t i n u o u s and 
t h e p a i r s {A,S} and {B,T} a r e c o m p a t i b l e mappings of 
t ype (C) . Then A,B, S and T have a u n i q u e f i x e d p o i n t i n 
X. 
I f we p u t A=B and S=T i n Theorem 3 . 6 . 4 t h e n we have t h e 
f o l l o w i n g c o r o l l a r y : 
COROLLARY 3 . 6 . 6 ( [ 6 3 ] ) . Let A,B,S and T be mappings 
from a Banach s p a c e (X,||. | |) i n t o i t s e l f s a t i s f y i n g t h e 
c o n d i t i o n s : 
( i ) A(X) c S ( X ) , 
( i i ) ||Ax-Ay|f< (|> (a| |Sx-Sy| | '+ (1-a) max {a ||Sx-Ax||% P||Sy-Ay||% 
||Sx-Ax|r^^. ||Sy-Ay|r^^, IISy-Axlf^^. ||Sx-Ax|r^^, 
^[ | |Sx-Ax|r+ IISy-Aylf]}) 
f o r a l l x , y i n X, where 0<a<l , 0<a, P<1, P>1 and ((>e*F. 
Suppose t h a t one of A and S i s c o n t i n u o u s and t h e 
p a i r {A,S} i s c o m p a t i b l e mappings of t y p e ( C ) . Then A 
and S have a u n i q u e common f i x e d p o i n t i n X. 
(64 ) 
I f we pu t A=B and S=T=Ix in Theorem 3 .6 .4 then we have 
t h e fo l lowing c o r o l l a r y : 
COROLLARY 3 . 6 . 7 ( [ 6 3 ] ) . Let A be a mapping from a 
Banach s p a c e (X,||. | |) i n t o i t s e l f s a t i s f y i n g t h e 
c o n d i t i o n s : 
( i ) A i s c o n t i n u o u s . 
(ii)||Ax-Ay||'< <|) (a||x-y|r+(l-a)max{a||x-Ax||% PHy-Aylf, 
\\x-AK\r. ||y-Ax|r^ \\y-Ax\r .\\x-Ayf\ 
Vi[||Sx-Ax|f+||Sy-Ay|n), 
for all x,y in X, where 0<a<l, 0<a, P< 1/ P>1 and ^eW. 
Then A has unique common fixed point in X. 
Some Remarks 
(1) In Corollary 3.6.5 and 3.6.6, if we put P=l and 
a=P=l, then we can obtain some corollaries more. 
(2) In Corollary 3.6.7, if we put (|){t) = at, a<l, P=l, 
a=l and drop the continuity of A, we have Banach's 
fixed point theorem. 
(3) An analogue of Theorem 3.6.4 has already been 
proved by Pathak-Khan [61] for compatible mappings 
of type(B). 
(4) From the above results one can also generalize, 
extend and improve the main results of Diviccaro 
et al.[16], Fisher-Sessa [22], Gregus [24] and 
Murthy et al. [53]. 
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CHAPTER IV 
A COiPARISON OF CERTAIN TYPES OF 
COMPATIBLE MAPS 
4.1 INTRODUCTION 
Jungck et al. [37] initiated a generalization 
of compatible mappings by introducing the concept of 
compatible mappings of type(A) as already discussed in 
Chapter III, where they proved a common fixed point 
theorem employing the notion of compatible mappings of 
type(A). Motivated from this work, Pathak-Khan [62] 
introduced the definitions of A-compatibility and S-
compatibility by splitting the definition of compatible 
mappings of type (A). 
In this chapter, certain types of compatible 
maps are characterized and compared in terms of 
continuity of maps, and a common fixed point theorem 
for A-compatible and S-compatible maps on complete 
metric spaces is stated. Also, we shall study the 
conditions under which these maps are equivalent to 
one another. Few examples are also used (cf.[62]) to 
discuss the validity of the hypotheses and degree of 
generality of forgoing notions and results. 
4.2 A COMPARISON OF COMPATIBLE MAPS 
Here for the sake of convenience, we rewrite 
the definitions of compatible mappings and compatible 
( 66 ) 
mappings of type (A) , and then recall the notions of 'A-
compatibility' and 'S-compatibility' as introduced and 
discussed in Pathak and Khan [62]. We also state some 
results establishing their inter-relations. 
DEFINITION 4.2.1 ( [33] ) . Two self-mappings A and S of 
a metric space (X,d) are said to be compatible if 
lim d(AS(x ),SA(x ) )=0, 
n—>oo " " 
whenever {x } is a sequence in X such that following 
n 
h o l d s 
l i m Ax = l i m Sx = t , 
n->oo " n->oo " 
f o r some t i n X. 
DEFINITION 4.2.2. ( [37] ) . Let A, S : (X, d) ^  (X, d) be 
mappings. A and S are said to be compatible mappings of 
type (A) if 
lim d(SA(x ),AA(x ) ) =0 and lim d(AS(x ) ,SS(x ) )=0 
n—>oo " " n—>oo " " 
whenever {x } is a sequence in X such that following 
n 
h o l d s 
l i m Ax = l i m Sx =t, 
n->oo " n->oo " 
f o r some t i n X. 
Pathak and Khan [62] introduced the following 
definitions of A-compatibility and S-compatibility by 
splitting the definition of compatible mappings of 
type (A). 
DEFINITION 4.2.3 ([62]) Let A, S : (X, d)-> (X, d) be 
mappings. A and S are said to be A-compatible mappings 
( 67 ) 
i f 
l i m d (AS(x ) , SS(x ) )=0, 
n->oo 
whenever {x } i s sequence i n X such t h a t fol lowing ho ld s 
n 
l i m Ax = l i m Sx = t , 
n->'00 " n->c» " 
f o r some t i n X. 
DEFINITION 4 . 2 . 4 { [ 6 2 ] ) L e t A, S: ( X , d ) ^ (X, d) be 
m a p p i n g s . A and S a r e s a i d t o be S -compa t ib l e mappings 
i f 
l i m d(SA{x ) , AA{x ) )=0, 
n-^oo 
whenever (x } i s a sequence i n X such t h a t fol lowing ho ld s 
n ' 
l i m Ax = l i m Sx = t , 
n->oo " n->oo " 
f o r some t i n X. 
The f o l l o w i n g p r o p o s i t i o n s show t h a t D e f i n i t i o n s 
4 . 2 . 1 and 4 . 2 . 3 ( r e s p e c t i v e l y 4 . 2 . 1 and 4 . 2 . 4 ) a r e 
e q u i v a l e n t u n d e r s u i t a b l e c o n d i t i o n s . 
PROPOSITION 4 . 2 . 5 ( [ 6 2 ] ) . Le t A, S: (X, d)-> (X,d) be 
mappings w i t h S c o n t i n u o u s . Then A and S a r e c o m p a t i b l e 
i f f t h e y a r e A - c o m p a t i b l e . 
PROOF. Le t {x } be a s e q u e n c e i n X such t h a t 
^ ^ — ^ ^ n 
l i m Ax = l i m Sx = t , 
n->oo " n-¥ao " 
f o r some t i n X. 
Suppose t h a t A and S a r e c o m p a t i b l e , then by t h e t r i a n g l e 
i n e q u a l i t y of t h e m e t r i c d, we have 
d ( A S ( x ) , S S ( x ) )< d(AS(x ) ,SA(x ) )+d(SA(x ) , S S ( x ) ) . 
( 68 ) 
Taking n->oo, s ince A and S a re compatible and S i s 
con t inuous , we have 
liind(AS(x), SS(x ) )< liind{AS{x ),SA(x ) )+liin d(SA(x ),SS(x ))=0, 
n— 0^0 " " ~n—•<» " " n—•« " " 
which implies that d(AS(x ) ,SS(x ) )^0. Therefore, A 
n n 
and S are A-compatible. 
Conversely, suppose that A and S are A-compatible. 
Since S is continuous, we have 
lijnd(AS(x),SA(x))<liind(AS(x ),SS(x ))+lijTi d (SS(x ),SA(x))=0, 
n—•» " " n—>oo " " n—>oo " " 
which ir tpl ies t ha t d(AS(x ) ,SA{x ) )->0 as n->oo. Therefore, 
n n 
A and S are compatible if and only if they are A-
compatible this completes the proof. 
On interchanging the role of A and S in Definition 
4.2.3 we get Definition 4.2.4, and the following 
proposition follows immediately. 
PROPOSITION 4.2.6 {[62]). Let A, S: (X,d)-> (X,d) be 
mappings with A continuous. Then A and S are compatible 
iff they are S-compatible. 
The following proposition shows that the concept 
of compatibility, compatibility of type(A), A-
compatibility and S-compatibility are equivalent if 
the involved maps are continuous. 
PROPOSITION 4.2. 7 ([62]). Let A, S: (X,d)^ (X, d) be 
continuous mappings. Then all the four Definitions 
(4 .2.1~4.2.4) are equivalent. 
( 69 ) 
PROOF. Suppose t h a t t h e r e e x i s t s a s e q u e n c e {x } i n X 
s u c h t h a t f o l l o w i n g h o l d s 
l i m Ax =l im Sx = t 
n->oo " n-)»oo " 
f o r some t i n X. 
Now we d i s c u s s t h e f o l l o w i n g b i c o n d i t i o n a l s : 
(a ) A - c o m p a t i b i l i t y i m p l i e s and i m p l i e d by S-
c o m p a t i b i l i t y , we have 
l i m d(AS(x ) , S S ( x ) ) =0 o d (A( l im Sx ) , S ( l i m Sx ) ) =0 
n-^oo n n n " n " 
O d { A ( l i m A x ) , S ( l i m A x ) ) = 0 
n n 
. <:>lim d(AA(x ) ,SA(x ) ) = 0 . 
n 
(a ) A - c o m p a t i b i l i t y i m p l i e s a n d i m p l i e d b y 
c o m p a t i b i l i t y . 
I t f o l l ows by P r o p o s i t i o n 4 . 2 . 5 . 
(a ) S - c o m p a t i b i l i t y i m p l i e s a n d i m p l i e d by 
c o m p a t i b i l i t y . 
I t f o l l o w s by P r o p o s i t i o n 4 . 2 . 6 . 
(a ) C o m p a t i b i l i t y i m p l i e s a n d i m p l i e d b y 
4 
compat ib i l i ty of type (A).. 
I t follows by Proposition 3 . 2 . 3 . (cf.Chapter I I I , 
Page 32). 
(a ) A - c o m p a t i b i l i t y i m p l i e s and impl i ed by 
compat ib i l i ty of type(A). 
I t follows by (a ) and (a ) . 
2 4 
( 70 ) 
(a ) S-compatibility implies and implied by 
6 
compatibility of type (A). 
It follows by (a ) and (a ) . 
3 4 
By unifying the abovePropositions(4.2.5-4.2.7) and 
denoting the continuity of A by (A) etc., we have the 
following diagram: 
Commutativity . ^ 
« = 
~7^ 
3 Weakly uniformly contraction 
(A.S) 
f Weakly commuting 
(^) :s» A-compatibility 
^ ^ ^ A (A.S) 
Compatibility ^ s ^ ^ ^ W 
/^\^*«^ S-compatibility 
Compatibilii of Type (A) I 
(A,S) 
The fol lowing examples show t h a t P r o p o s i t i o n 4 . 2 . 5 
( r e s p e c t i v e l y 4 .2 .6) i s not t r u e i f S ( r e s p e c t i v e l y A) 
i s not con t inuous . 
EXAMPLE 4 . 2 . 8 ([62]) . Let X=[0,oo) with the usua l m e t r i c 
d (x ,y )= |x-y|. Define A, S: (X,d)-> (X,d) as fo l lows : 
ri i f XG[0,1] fl+x i f x e [ 0 , l ) 
A(x) =i and S(x)= \ 
ll+x if xG(l,oo) [l if xe[l,oo) 
Then A and S both are discontinuous at t=l. Consider a 
sequence {x}cX defined by x =l/n, (n=l,2 ) Then 
( 71 ) 
we have 
Now 
and 
Ax , Sx - • 1 a s n-^oo. 
l i m d(AS(x ) ,SA(x ) ) = 1 , 
n-^oo 
l i m d(AA{x ) ,SA{x ) ) =0 
n—>oo " " 
l i m d ( A S ( x ) , S S ( x ) ) = 1 . 
n->oo " " 
Therefore, A and S are S-compatible but they are neither 
compatible nor A-compatible. 
EXAMPLE 4.2.9 ( [62] ) . Let X=[0,1] with the usual metric 
d. Define A,S:[0,1] ->[0,1] by 
ri-x if xe[0,H} 
A(x)=x, xe[0,l] and S(x)=S 
U If xe[H, 1] 
Then S is not continuous at t=l/2. 
Now, we assert that A and S are not A-compatible 
maps but they are both compatible and S-compatible. To 
see this, suppose that {x }c[0,l] and that Ax , Sx->t. 
n n n 
By definition of A and S te{1/2,1}. Clearly, we need 
only to consider t=l/2. So we can suppose that x-» 1/2 
n 
and t h a t x < l / 2 . fo r a l l n . Then Ax = 1/2 and S x = l - x - > l / 2 . 
n n n n 
Thus since 1-x > 1/2, for all n, we have 
AS(x )=A(l-x )=l-x->l/2, SS(x )=S(l-x )=1 
n n n n n 
and so 
lim d(AS(x ) ,SS(x ) )= 1/2 ;t 0 
n n 
n->Qo 
( 72 ) 
On the other hand, A and S conimute, hence they are 
compatible and S-compatible by Proposition 4.2.6. 
Therefore, A and S are compatible and S-compatible but 
they are not A-compatible. 
The following examples show that Proposition 4.2.7 
is not true if A and S are not continuous. 
EXAMPLE 4.3.0 ( [62]) . Let X=R the set of real numbers, 
with the usual metric d(x, y) = |x-y| . Define 
A,S:(X,d)->(X,d) as follows: 
ri/x^ if X9i0 fl/x^ if X9t0 fl/x' i: 
~ ll ii A(x) =i and S(x) l2 if x=0 U if x=0 
Then A and S are not continuous at t=0. Consider a 
sequence {x } in X defined by x =n, (n=l,2,...). Then 
n . n 
we have, as n—>oo. 
Ax =l/n^->t=0, Sx =l/n^->t=0. 
and 
but 
and 
lim d(AS(x ) ,SA(x ) ) = lim |n-n | = 0 
n->oo " " n->oo 
lim d (AS (X ) , SS (X ) ) = lim |n^ -n*| = oo 
n->oo n " n->oD 
lim d(AA(x ) ,SA{x ) ) = lim |n'-nV ^^ 
n-^ oo " " n->oo 
Therefore A and S are compatible but neither A-
compatible nor S-compatible. Further, we see that A,S 
are weakly commuting since A, S commute for xv^ O, 
d(AS0,SA0)=3/4<l=d(A0,S0). 
EXAMPLE 4.3.1 ( [62] ) . Let X=[0,oo) with the usual metric 
( 73 ) 
d{x,y) = |x-yl . Define A, S : X ->X by 
rx if X e[0,l) f2-x if x€[0,l) 
A(x) =i and S(x)= \ 
12 if xe[l,oo) l2 if XG[1,OO). 
Then A and S are not continuous at t=l. 
Now we assert that the maps A and S are not compatible 
but are both A-compatible and S-compatible. To verify 
this, suppose that {x }cX and that Ax ,Sx->teX. By 
n n n 
definition of A and S, t€[l/Oo) . Since A and S agree in 
[1, 00), we need only consider t=l. So we can suppose 
that X-•I and that x <1 for all n. Then Ax=x->1 from 
n n n 
the left and Sx=2-x->l/2 from the right. Thus, since 
n n 
1-x >1, for all n, AS{x)=2 and since x <1, SA(x )=2-x->1. 
n n n n n 
Consequently, d(AS(x ) ,SA(x ) )->l but d(AA(x ),SA(x ) ) 
n n n n 
= |x-(2-x ) |->0 and d(AS(x ) , SS (x ) ) =12-2 |-^ 0 as x->1. 
n n n n n 
Therefore, A and S are both A-compatible and S-compatible 
but are not compatible. 
4.3 A COMMDV FIXED POINT THEOREM 
Througout this section, let R* denote the set of 
non-negative real numbers and *F a family of all mappings 
(|> : (R*) -»R* satisfying the following properties : 
(1) <|) is upper semi-continuous 
(2) (|) is non-decreasing in each co-ordinate variable, 
(3) For any t>0, (f)(t, t, 0,at, 0) < pt, <f)(t, t, 0, 0,at)< pt, 
where p=l for a=2 and p<l for a<2, 
(4) y(t) = (t,t,a t,a t,a t)<t 
( 74 ) 
where y :R ->R is a mappings and a +a +a =4. 
Let A, B, S and T be mappings from a metric space 
(X,d) into itself such that 
(5) A(X) c T(X) and B(X) C S{X) 
(6) d"(Ax,By)< (j)(d'^Sx,Ty),d'(Sx,Ax).d'(Ty,By), 
d^{Sx,By) .d^Ty,Ax),d^''"Msx,Ax) . 
d(Ty,Ax),d(Sx,By).d" ' ' (Ty,By)) 
for a l l x,yeX, where ((>e^ and P>1. 
Then, by choosing an arbi t rary point x €X and using (5), we 
can de f ine a sequence {y } in X such t h a t 
n 
(7) y = Tx =Ax and y =Sx =Bx 
""an 2n+l 2n "'2n+l 2n+2 2n+l 
for n=0,l,2 
Unlike previous chapters, here we opt to state a 
recent fixed point theorem which seems improvement of 
corresponding theorems of Jungck et al. [37], Pathak 
[59], Prasad [64] and is essentially borrowed from 
Pathak and Khan [62]. 
THEOREM 4.3.1 ([62]). Let A, B, S and T be mappings 
from a coitplete metric space (X,d) into itself satisfying 
the conditions (5),(6) and any one of the following : 
(a ) A is continuous and the pairs A,S and B,T are 
S-compatible and T-compatible, respectively; 
(a ) B is continuous and the pairs A, S and B,T are 
S-compatible and T-compatible, respectively; 
(a ) S is continuous and the pairs A,S and B,T are 
( 75 ) 
A-compatible and B-corapatible, respectively; 
(a ) T is continuous and the pairs A,S and B,T are 
4 
A-compatible and B-compatible respectively. 
Then A,B,S and T have a unique common fixed point z in X. 
PROOF. The proof of Theorem 4.3.1 is essentially the 
proof of Theorem 3.4 of Jungck et al. [37] . It suffices 
to say that the same argument works in lieu of A-
compatibility. So we omit the details. 
Next, we give an example to show the existence of 
common fixed point for mappings satisfying the conditions 
of Theorem 4.3.1. 
EXAMPLE 4.3.2 ([62]) Let X=[0,1] with the Euclidean 
metric d. Define A,B,S and T by 
A(x)=l/4x% B(x)=l/8x% S(x)=x^ and T(x)=l/2x^ 
for all X in X. 
Clearly, A{X) = [0,H]cz[0,^]=T {X) . Similarly, B(X)cS(X). 
Moreover, by Proposition 4.2.7, the pairs A, S and B,T 
are A-compatible and B-compatible, respectively. 
Now consider 
<|)(t ,t ,t ,t ,t )=h max {t ,t ,t ,t ,t }, 
^ 1 2 3 4 5 1 2 3 4 5 
for all t ,t ,t ,t and t in [0,oo), where l/4^^<h<l/2. 
1 2 3 4 5 I f / f ' _ 
Then <)> satisfies all the required properties. Note that 
here 
Y{t)=6(t, t, a t, a t, a t)<t, a+a+a =4 . 
' ^ 1 2 3 1 2 3 
Furthermore, we obtain 
( 76 ) 
d'P(Ax,By)=l/4'^(d'P(Sx,Ty))< y (d'^ 'lSx, Ty) ) 
for all x,y in X. 
Thus all the hypotheses of Theorem 4.3.1 (a^ ) are 
satisfied. Clearly, zero is a unique cornmon fixed point 
of A,B,S and T. 
The following example exibit that the conditions 
of A-compatibility and B-compatibility are necessary 
in Theorem 4.3.1 (a ) . 
4 
EXAMPLE 4.3.3 ([62]) Let X=[0,oo) with the Euclidean 
metric d. Define A=B and S=T:X -^  X by 
A{x)=l/16 x+1 and S(x)=l/4 x+1 
for all X in X. Obviously, the sequences {Ax } and {Sx } 
n n 
converge to 1 if and only if {x } converges to 0 but 
n 
lim d(AS(x ), SS(x ))=3/16 t^ 0. 
n—>oo n " 
Hence the pair A,S is not A-compatible. Consider 
(j)(t^, t^ ,t^ ,t^ ,t^ )=h max {t^ ,t^ ,t^ ,t^ ,t^ } 
for all t ,t ,t ,t and t in tO,oo) where l/4^ <^ h<l/2. 
1 2' 3 4 5 i ' ' ' _ 
Then <j> satisfies all the required properties. 
Furthermore, we have 
d^P(Ax,Ay)=l/4'^(d'^(Sx,Sy) )< y(d'MSx,Sy)) . 
we see that all the hypotheses of Theorem 4.3.1 (a ) 
4 
are satisfied except A-compatibility of pair A,S but A 
and S do not have a common fixed point in X. 
REMARKS (1) For P=l, the contraction condition (6) reduces 
to contraction condition 3.2 of Jungck et al. [37] . 
( 77 ) 
(2) For P=l and A=B, the contraction condition (6) reduces 
to contraction condition (ii) of Pathak [59] (Theorem 2.5) . 
(3) In Example 4.3.2 the mappings A and S are neither 
weakly commuting (take x=l) nor commuting. Thus Theorem 
4.3.1 also improves Theorem 1 of Prasad[64]. 
^'d^ Un 
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